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Abstract: The estimators based on dual use of auxiliary variables are recently developed as they provide more better
population mean estimates than the use of auxiliary variably only. In this study, we propose some classes of estimators
based on dual use of auxiliary information for population mean under simple random sampling. The idea is to transform
the exponent of the auxiliary variable using suitable bounded constants. The mathematical expression for the bias and
mean squared errors (MSE) of the proposed estimators are obtained. The performance evaluation of the proposed
estimator is comprehensively explored and compared with the existing different-ratio-type exponential estimators in terms
of MSE and percentage relative efficiency (PRE) for various choice of e[ 0.1, 1]. It is found that the proposed estimators
are able to perform substantially better than existing estimators. Both real and simulated population datasets are
considered to support the theory.
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I. INTRODUCTION

In the last few decades, survey sampling has been widely
used in different fields of operations including agriculture,
business management, demography, economics, education,
engineering, industry, medical sciences, political sciences,
social sciences, and among others. As a result, many classes of
estimators for population mean under simple random sampling
that depend on auxiliary information has been developed to
provide an efficient estimator. In many such techniques and
applications, the classical ratio, product and regression
estimators are broadly used for estimating the unknown
population parameters, provided that suitable correlation is
existing between the variable of interest and the auxiliary
variable. In the past, many authors have proposed different
ratio-type estimators by appropriately modifying the auxiliary

variables (see Gupta and Shabbir (2008), Kadilar and Cingi
(2004), Kadilar and Cingi (2006a), Kadilar and Cingi (2006b),
Haq and Shabbir (2013), Singh and Solanki (2013), Grover
and Kaur (2014), Shabbir et al. (2014), and references cited
therein for research findings). As a matter of fact, the proper
use of auxiliary information in sampling process leads to
reduction in variance of estimator for unknown population
parameter(s).

The existing methods of estimation are based only on
usual form of supplementary information of auxiliary
variable(s). However, the idea of incorporating additional
information have recently introduced in literature (Haq et al.,
2017; Irfan et al., 2020) to enhance the efficiency of the
estimators. This additional information is provided from the
rank of the auxiliary variable and refer to as rank of auxiliary
variable. This study is intended to discover more efficient

Page 79

www.ijiras.com | Email: contact@ijiras.com



International Journal of Innovative Research and Advanced Studies (IJIRAS)

Volume 9 Issue 7, July 2022

ISSN: 2394-4404

estimators using both auxiliary information and the rank of
auxiliary information. In this study, we transform the exponent
of the auxiliary variable of generalized ratio type estimator
developed by Singh et al. (2009) to propose different-ratio-
type estimators in direction of Hag et al. (2017) and Irfan et al.
(2020) for estimation of population mean under simple
random sampling schemes.

The rationale of the newly proposed estimator is to
modify the auxiliary variable x as: x" = ax + % [(@ — DaX +
(a + 1)b] which was defined earlier by Singh et al. (2009) as
x' =ax+Db. The essence of this is to systematically
smoothing the auxiliary variable to enhance the efficiency of
the existing estimators. In this case, a is the constant values
bounded between 0.1 and 1(i.e.,0 < a < 1).

Suppose a random sample of size n is drawn from a finite
population 2 = (24, 2,,:-,2y) of size N by a simple random
sampling without replacement (SRSWOR) method. Let
¥: x; and 1y; be the value of the study variable, Y, auxiliary
variable, X and the rank of auxiliary variable, R,.. Some useful
parameters are presented in Table 1.1.

Parameters Study variable Auxiliary variable Rank of auxiliary variable

Sample mean

™ ™ o
i=1 i=1 i=1
Population mean i n n
Y:N’]Zyt )?:N"ZXL RX:N"ZrXL
Population & i =
variance SE=N-1)" Z(yt -7 SE=(N-1)* Z(xl - X2 SE=(N-17* Z ry — Ry)?
Sample variance i ) ) & ) ) &
S$=m-D7Y 0=y =D Y - Sh=(-DT Y =)
= = =4
Coefficient of Cy,=5,/Y Ce=S,/X Cro =Sr /R,

variation

Table 1.1: Some Useful Parameters
The covariance of y and x, y and 7, x and r, are S, =

N o PV(xi—X N (y._¥ _R
Zl:l(yﬁv_yz()ﬁ X)’ Syrx — 21=1(yl Y)(rxl Rx)’ and erx )

N-1
R Y ]
st NX_)Y“ RY) respectively.

The rest of the study is arranging as follows. In Section 2,
we consider the brief review of some classical and recent
estimators of the finite population mean. In Section 3, an
enhanced estimator is proposed for effectively estimating the
finite population mean. In order to study and investigate the
performances of the considered estimators, a numerical study
is carried out in Section 4 using simulated population and
different finite real population datasets. Finally, we give the
conclusion of the study in Section 5.

Il. EXISTING ESTIMATORS IN LITERATURE

In this section the brief introduction of existing estimators
under simple random sampling without replacement
(SRSWORY): unbiased mean per unit, ratio, product, regression
and the well-known exponential type estimators are given
alongside with their respective variance and MSE.

Unbiased mean per unit: Y= ¥ with variance

var(y) = AY*C} (2.1)

The usual ratio and product estimators were developed by
Corchran (1940) and Muthy (1964), respectively, are given by

fe=3% T=y% (2.2)

It is obvious that, irrespective of the unbiasedness, the

usual ratio or product estimator is more efficient than unbiased
mean per unit estimator. Their MSEs are given by

MSE(V3) = 272(C3 + CZ — 2p,,C, C.) (2.3)

And MSE(VZ) = A7%(C} + C2 + 2p,C,Cy)  (24)

A number of transformed ratio-estimators for estimating
the finite population mean have been suggested by several
authors using auxiliary information. Such as Sisodia and
Dwivedi (1981), Bedi (1996), Upadhyaya and Singh (1999),
Singh (2003a), Singh and Tailor (2003) and many others.
Khoshnevisan et al. (2007) proposed a general class of
estimators that comprises some modified ratio-type estimators
as special cases, given by

£ _ aX+b g

Ve = y{a(af+b)+(1—a)(a)?+b)} ’ (2:5)

where a(= 0) and b are either known constants or
functions of any known population parameters, such as
coefficient of variation C, coefficient of skewness p,(x),
correlation  coefficient p,,, etc. Note that when
g=0,1land-1, the mean per unit, ratio and product
estimators are the special cases of (6) respectively, given that
a==alandb=0. The minimum MSE of (5) at the optimum

aX . .

value of afg, Yvhere 6= —p isgiven by

MSEpin(¥ic) = A72C3(1 = p2),

(1) Classical different estimator is

Yo =y+k(x—-X) 2.7

where k is an unknown constant. It is easy to show that
(2.7) is unbiased. The minimum variance of (2.7) at the
optimum value of k , i.e., k,p, = pyxj—y is given by

X

Vary (V) = 72C3(1 - pl) (2.8)

This is equivalent to asymptotic variance of regression
17” =¥+ b(x —X), where b is the slope estimator of the
population regression coefficient g=k,,. . The difference
estimator (2.7) is always better (in terms of relative efficiency)
than the usual ratio and product estimators (2.2) when
estimatingY.

Rao (1991) proposed an
estimator given by

Yep =ty + t,(x — X) (2.9)

where t; and t, are suitable selected constant. The
minimum MSE of (9) at optimum typn =[1+
A2(1-p2)]and  tyepn = TAC Py XC, [{1+
Ac2(1-p2)})]"" given by

5 o V3¢5 (1-p3y)
RD = 1+ACJ§(1_.D)2/X)

improved different-type

(2.10)

It is easy to show that estimator ?R_D is highly efficient

than estimator ?D
Bahl and Tuteja (1991) suggested ratio- and product-type

exponential estimators, given by
X%

YBT.R = yexp th (2.11)
5 _ T-X
Yerp = yexp [%] (2.12)

The MSE of (2.11) and (2.12), respectively, are given by
MSE(YBT_R) =2 (cy2 +2C2 - pyxcycx) (2.13)
MSE(Varp) = 2(C2 +3C2 + pyxCyCy)  (214)

The average of (2.11) and (2.12) are given by
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? y X—x N x—X
Bravg = 5 | |7 | TP |k x

In the line of Bahl and Tuteja (1991), Singh et al. (2009)

proposed a generalized ratio-type exponential estimator,

s = yew [ 50 (2.15)

a(X+x)+2b

It is clear that both estimators ?BT_P and ?BT_R are special
cases of ¥; when (a = 1,b =0) and and (a=-1, b=0)
respectively. Likewise, when a =1, b = NX, we have Bedi
(1996)’s transformed ratio-type exponential estimator given

by

5 _ X

Yor.p = yexp [)?+f+;cN)?] (2.16)

The minimum MSE of 175 turns out to be equivalent to
min variance of ¥, i.e., MSEmm(?S) = AY2CE(1 — p3y)

In the direction of Bahl and Tuteja (1991), Singh et al.
(2009), and Rao (1991), Shabbir and Gupta (2010) proposed a
-type exponential estimator by integrating Yy , and Y7 5 given
by

Voo = wy +uy (% — Dexp [ (2.17)

where u, and u, are choice of suitable constants.

Following the work of Shabbir and Gupta (2010), a
similar estimator was proposed by Grover and Kaur (2011) by

integrating ?R,D and ?BT'R given by
2 _ _ — X—x
Yok = 1V +v,(x — X)exp )?_+i (2.18)
where v, and v, are choice of suitable constants.
Grover and Kaur (2014) proposed a generallzed class of

ratio-type exponential estimators by integrating YRD and YS,
given by

17GK.G =wy +wy(x —X)exp[

a(X-x)
a(X+x)+2b (2'19)
where w; and w, are choice of suitable constants. Note
that estimators given by (2.17) and (2.18) hold within (2.19).
1-2362¢2
H — 2
Thus, at the optimum values, wype) = T (-5 and
7[2603C3+Cy pyx—3102CECy pyx—0Cx(1-ACF(1-p3x) )]

Wacopt) = X e ACH (10 the
minimum MSE of estimator in (2.19) given by
- AP2[C3(1-p3x) —3A04CE-202CECE(1-p3y)
MSE(Tor) = 507 e ) (2.0

In the direction of the estimators YSG, YGK and YGKGg,
Haq et al. (2017) proposed a -type exponential estimator. this
estimator based on the dual use of auxiliary variable and given

by
Yy = [017 + 0, (X — %) + w3 (R
(2.21)
where, y,xand 7, are sample mean of study variable,

a(X-x) )
a(X+x)+b

~len

auxiliary variable, and rank of auxiliary variable respectively,
X and ﬁx are population mean of auxiliary variables,
a(# 0), and b are either suitable constant or function of
auxiliary variable parameters and w;,w, and wsare the
optimum value which minimizes the MSE of the estimator

which comprises unknown parameters. The minimum mean

squared error (MSE) of estimator ?H at

wl(opt) =
1
1-5202%C¢
2 2
14+AC5(1-R3 xr,.)'

Y[AG‘%C:%(_1+Pazcrx)_cy(1_%/192C%)(Pyx‘ﬂxrxpyrx)
+9Cx(_1+l’azcrx)[_1+AC)%(1_R32/.X7"X)]

Waopt) = R4 G (=R ) and
= 1
w Y(l__aezca%)cy(!’xrxpyx Pyrx) given by
3(op) = Re (= 1+pxrx)[1+)‘c2(1 Ryxrx)]
AV?{CF (1R ) 3A0* CE-202CECH (1~ R ary. )}
MSE’”‘"(YH) 14C2 (1R 7)) (2.22)
L ) . _
where R? . = = PyaZPyra” “PyxPyraPare s the coefficient of
x 1=Piry
multiple determination of Y on X and R, in simple random
. aX
Sampllng and 8 = m.

In addition, Irfan (2020) proposed an efficient estimator
following the lines of Hag et al. (2017). This estimator is
based on both auxiliary variable and its rank.

YI =5 E += YBT,avg + nZ(Rx - rx)

2 X
X_
+ (X — x)(X+ )

where YBT‘m,g is the average of ratio and product
exponential estimators, m,;,m, and m; are suitable chosen

constants. The minimum MSE of estimator Y, at m; =
F1Fy—2A%CZCEF3
FpFy—2F2

(2.23)

TT2(0pt) =
2ApyrCyCr(F1F,—2A2C3 ¢/ ZF3)+ ApyrCy Cr(Fy F3—A?CZCEFy)

and o =
AczRx F(FaFa=FF) 3(opt)

A2CECEF,—F F3
2§(F2F4—2F32)
Where F; = AC2(8 + 5ACZ; F, = A2C2C2(1 — pZ.);
F; = 22C? [ZCny(pyrpxr - pyx) + CJ?]; Fy =
ACE[8 + 8AC2(1 — p2,) + 10AC2]
~ Y2
MSEpin(¥;) = T laad
+ (42C2(1 + AC2(1 - p2)
+ 5A2C2C2)G3
A2C2C2(—p2,)GE — CE(8 + 5C)G,Gs
+ (4AC7CyC,
(pyrpxr - pyx) + 163)6263
— 202C2C2G,G5] (2.24)
where G, = F,E, — 2F2, G, = F,F, — 2A*>C2C2F; and
G; = A>CZC?F, — F,|F,

I1l. THE PROPOSED ESTIMATOR

Suppose « is a suitable choice of value bounded between
Oand 1, ie, 0 <a <1. a(+0) and b is either any known
constants or functions of any known population parameters of
auxiliary variable x. These include standard deviation S,,,
coefficient of variation, C,, coefficient of skewness, B, (x),
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coefficient of kurtosis, B,(x), coefficient of correlation, p,,
etc. we defined the original auxiliary variable x by

x'=ax +%[(a — 1DaX + (a + 1)b] 3.1)

Thus, we have

X = a)?+%[(a— 1DaX + (a¢ + 1)b] and X' = ax +
%[(a —1DaX+ (a+1Db]  (3.2)

where X’ and x’ are population mean and sample mean of
the new transformed auxiliary variable x' respectively. Here,
the value of X' is known to us because a, b, and X are assumed
to be known ahead.

In order to derive the bias, mean squared error (MSE),
and minimum MSE of the proposed estimators we define the
relative error and their expectation as follows; y = Y (1 + e,),
7, =R,(1+e)), x=X(1+e,), such that; E(ey) =
E(e)) = E(e;) =0, E(e}),=AC} E(e}),=AC%, E(e3),=

AC%C: E(eoe1), = ApynyCxx E(eoez) = AperCyCr
E(e1€2),= Ay, CxCr,n where 1 = (2=}, C2 = jy c2 =
sE c2 = er _ Syx _ Syrx _ Sxry

x2’ ™ 5 2 v Fyx — Tx.erx - stTx.
In the I|ne of Singh et al. (2009), a ratio-type exponential
estimator of finite population means that uses auxiliary

information onX given by

oo Py =
Sysy' P¥Tx 58

X'
Y(a) = yexp ( z ) (3.3)
Substltute (3.2) |nto (3.3), the estimator become
a(X-x%)
Y(“) = yexp (a()?+;z)+(a 1)aX+(a+1)b) (3.4)

where «a is a suitable choice of value bounded between 0
and 1, ie., 0<a <1 a(*¥0) and b is either any known
constants. It is obvious that ratio-type exponential estimators

given in (11), (12), and (15) are special cases of Y, when
(a=1, a=1,b=0), (=1, a=-1, b=0) and (a =1),
respectively.
3.1 First Proposed Estimator
Following Haq et al. (2017), we propose the first
estimator which is different ratio-type exponential estimator
given by
Vo ) )
= [y +r.(X —x) +ys(Ry
i a(X —x) 2k
e @ =Dk + @+ ) C
where y;,y, and y; are aptly chosen constant to be
determined.
Now we rewrite (3.5) in term of relative errors that was
earlier defined, we have

Y(x,l = [V17(1 +e) — V2X91 - Vsﬁxez] [1 — ey +

20%e} + - | (3.6)
where § = —2_js a known quantity since a, b, and
(a+1)[aX+b]

X are previously assumed to be known quantities ahead. We
expand (3.6) and keep the term up to second degree in errors
and subtract ¥ from both sides, we have

1’7:7:,1 —Y =Y +Yy, +Yye, —Yy,0e; —Yy,0ee

3_
+ EYylezef

—v3Rye; +v2Xef +v3Ryeie,
3.7)
Taking the expectation of (3.7) under first order of

approximation, the bias of estimator 17“,1 is given as
Bias(?axr) = E(?ax‘r - 17)
S 3
=7 [(y1 — 1) + Ay,0C, (Eecx - pyxcy) +

0C, (V2R Cy + ¥3R:Cropar,)|  (38)
where R, = X/Y, R, =R, /Y
Obtain the square of (3.7) under first order of
approximation and take its expectation, the mean squared error
(MSE) given as follows
(Fur = ) = P2+ P2y} + P2y2e} + a72y20%e7 + X2yfe?
+ RZy2eZ — 4Y?y,0e; e,
+4Y Xy y,0e? + 4YR,y,v30e,e, — 2Y Xy v,e0e; —
2YR,v1v36€06; (3.9)
+2YXR,y,v3e.e, — 2V2y; — 3V2y,0%e2 — 2Y?y,0¢e4e;
— 2YXy,0e?
—2YXy,0e;e,
MSE (Y1) = 72[ 1 +y2{1 + A(CZ + 46(6C% —
Pyny)} — AR,¥,C%(26 — Ry1y,) (3.10)
+AR%Y§C7? - 2/1R1y1}/2(pyxcycx - ZGCJ?)
- ZARzyl]/SCr(pery + prrecx)
+21R1R2V2V3perxCr

= 20RY30p GG =21, {1

3
+ 16C, (EOCX — pyxacy)}]
Now, we obtain the minimum MSE of the proposed

estimator Z,_l by minimizing (3.10). Therefore,
The optimum values, y;, y, and y5 are chosen from the
following equations.

b (MSE(?M))

oYy

—V2X31

= 2y, (1+2(C} +46(6CE — pyiCy))

— 2AR1¥,(pyxCyCy — 20C2)
—2/1R2]/3Cr(Pery + szrgcx)

3
_2 (1 +26C, (Eecx - pyxecy)>
b (MSE(?M»

5 = —2AR¥1(pyxCyCy — 20C2) + ARZy,C?
2
+ 2AR1RyY32r C G — 2R19CJ?
b (MSE(?M))
—— " —2AR2¥1Cr(pyrCy + 202 0C,
3

+ 2/1R1R2V2,0xrcxcr) — 24Ryy30p,, C,C;
Equate the equations to zero and solve simultaneously,
the values y4, y,, and y5 are, respectively, given by
1-220%C}

Yi(opt) = 1+ACZ(1 R2 vry) '
/193 ci(- 1+erx) Cy(l__/le c3 (pyx erxpyrx)]
_ +0Cx(—1+p2r, ) [-1+ACF(1-R3 5. )]
Y2(opt) =

XCx(=14pZy, )[142CF(1=RE xr, )]
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TT3(0pt)
_ 1
Y (1 - _AHZCZ) y(pxrxpyx pyrx)

RCTx( 1+ erx)[l + )'Cz(l yxrx)]
were the coefficient of multiple determination of Y on X
and R, in simple random sampling is defined by Rj,, =

Pyx+Pyrx ZPnyy'rx Px'rx

1- erx

Substituting y4, ¥, and y5 into (3.10) the minimum MSE
of the proposed estimator given by

MSEan( ul)
AP2[C2(1 ~ R2.p,) — 3 A0%CE — 102C2C3(1 ~ Ry,
- 1+AC2(1 - R2,,,)

(3.11)

A. SECOND PROPOSED ESTIMATOR

In the line of Irfan et al. (2020), the second estimator
given by

711,2 _

1 X x\-=a — _
= EYl E + ; YBT,Avg +7 (Rx - Tx)
+ys(X

7 o — %) 3.12
~ Fexp (a()(_’+f) +(@—DaX + (@ + 1)b) (3.12)
where ?BT,AVg iy (exp ( ) + exp ( )) is the

average of the ratio and product estimators and y;,y, and
are suitable chosen constants to be determined.
Rewrite Eq (3.12) in term of relative error, we have

= — 5 —
Yoo =Yn [1 +ep+ 5912] —V2Rye; — Xyseq [1 -
fe, +§92e12] (3.13)

. L aX
As earlier specified 6 = DR

of (3.13), by keeping the e’s to second degree and subtracting
glven by

Y —Y=-Y+ Yy, + Yy +32 Yy161
Xyse; +X]/3He1 (3.14)

Taking the expectation of both sides, the bias of the
proposed estimator ?a,z given by

Bias(?a_z) 8% (y1 — 1+ 2y,C2 + Ay, Rlec,f) (3.15)

Getting the square of (3.13) wunder first order

approximation, we obtain the MSE of estimator ?a_z as
follows;

Thus, the expansion

V2Rye; —

N N2 _ _ 5_ _
(Vaz = ¥) = V2 + V2y7 + VPy2ed + V2yief + Riyie?
- + X?yiet -
—2YR,y1Y2€0€2 + 2YXV1V39912 — 2YXy1v3e0e1 +

7R V2 Sc2 2 Vi 2
2XRyyayse1e; — 2Y%y; — ZY yier — 2YXys0ef
PN _ 5
mse(7,;) = 7 [1 2 {1 42 (cyz + ZC,?)} + ARZy2C? —

AR1y3C2(260 + Ryy3) — 2R3Y1Y2PyrCy Cr — 2AR1y1Y3

(pynyCx - GCJ?) + 2/1R1R1y2y3perxCr -
5
27, (1 + 5,163)] (3.16)
Here, we also obtain the minimum MSE of the proposed

estimator ?a‘z by minimizing (3.16). Therefore, the optimum
values, y4, ¥, and y5 are chosen from the following equations.

b (MSE(?M))

5
=2n (1 +A(CE + ZC,§)> — 2AR,Y5Py,CyCy

by,
— 24RyY3 (pynyCx - HCJ?)
5
-2 (1 + EAC,?)
b <M5E(?a,2)
= —2AR;¥1PyrCy Cr + ARGy, C?
by,
+ 2AR R332 Ci Gy
b (MSE(Y,,,,Z))
—————— = —2AR,¥1(pyxCyCy — OCE)
dy3

+ 2AR,R,V2.+CCr + AR?y;C2
— 2AR,6C?
Equate the equations to zero and solve simultaneously,
the values y4, y,, and y5 are, respectively, given by
(14 2262) (1= p2) + 0C, Cul(pyx — Pyrpar) — 26%C2
[1 + %AC,? +Ac2(1 - R}Z,_xr)] (1= p2) + 220C, Co(pyx — Pyrbar) — AO2CE
Pyrcy{(l“'gl(::%)(l_Pazcr)+BCny(Pyx_Pyrpxr)_AgZCJ%}_
er{glec)%+/19€32/Cx(1_932/r)+(1+§/1CJ%)Cy(Pyx_Pyrpxr)}
RoCr[{14+3AC3+AC3 (1-R3 ) (1~ %) +220Cy Cx(pyx—pyrpar) -A02CE

V1=

and

Y2 =

oc, {%/’ICE +265(1- )} + (1 +%Ac§) Cy(Pyx — Pyrprr)
Ry, [{1+34C2 +ACH(1 ~ R2.)} (= p2,) + 2206, C,(pyz — pyrpar) — 262C2]
Also, the coefficient of multiple determination of Y on X
i i i i i 2 —
and R, in simple random sampling is defined by Rj ., =
Pyx+Pyrx—20yxperper

Y3 =

1- Px‘rx
Substituting y4, v, and y5 into (3.16) the minimum MSE
of the proposed estimator given by
MSEpin(Va2) =
P2[{AC3(1-R3.r) - 2222} (1-p3r) - 20 C3{A0 CF(1-p31 ) +3ACy Ca(Pyx—Pyrpar) ]
(143224263 (1-R 1) }(1-p21) +226Cy Cx(y2—pyrpar) -162CE

(3.17)

IV. APPLICATIONS

In this section, we employed simulation study and real
datasets to evaluate the performance of the proposed
estimators and compared to the existing estimators in terms of
mean squared errors (MSEs) and percentage relative
efficiencies (PREs). The expressions in section 2 and 3 are
used to compute the MSEs and the PREs of the estimators
relating to the mean per unit estimator ¥ given by

PRE = 22 (4.1)
MSE (%) ’

A. SIMULATION STUDY

Here, we conducted simulation study to evaluate the
performance of the proposed estimators and compare their
efficiency to the existing estimators. Two sub-population of
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size 1000 were simulated from multivariate normal population
with different covariance matrix to present the distribution of
the study variable Y, auxiliary variable X and the rank of the
auxiliary variable R,. The theoretical mean pand the
covariance matrix X of the simulated populations are as
u = [5,5,5] and population I:
4 27 2217 Pyx=05628
T = [2.7 5 3 lpyr = 0.4252 ,
22 3 6.75lp, =05405
Population II:
10 8.0 8.1] Pyx = 0.8745
r= [8.0 8.5 8.2] pyr = 0.8917 respectively.
8.1 82 84lp, =09683
The population | has weak correlation while the
population Il has strong correlation. Table 4.1 to 4.4 present
the MSE values of the proposed estimators for different
sample size n = 10,20,50 and 100 based on two different
simulated populations. The MSE values of the first proposed

estimators 17“,1 for different choice of a between 0.1 and 1 are
reported in Table 4.1 and 4.3 for simulated population I and 11,
respectively. and Table 4.2 and 4.4 are for the second

proposed estimators Y, .

(Insert Tables 4.1 to 4.4)

For notational convenience, the estimators developed by
Haqg et al. (2017) and Irfan et al. (2020) are referred to as the

estimators Y; ; and Y, ,, respectively. It is clear that there are

similarities in the MSE values of the proposed estimators from

the various choices of a considered in this study. The results

in Table 4.1 to 4.4 are summarized as follows:

v' It is noticed that the estimators designed based on choice
of a between 0.1 and 0.9 produce very smaller MSEs

over any other class of estimators i.e., 171_1 and 171_2,

v' The choice of smaller a« enhances the performance of the
estimators especially, when the sample size is smaller.

v It is noticed from the results that the MSE values of all

classes of estimators ?alland ?a_z are become significantly
smaller with an increase in sample size n. Thus,
increasing in sample size enhances the efficiency of the
estimators.

v' It is equally noticed that there is hardly any difference in
the MSEs of the proposed estimators when the sample
size is increasing.

v The results indicate substantial improvement when

estimators 170,1,1 and 170_1_2, are applied to study and
auxiliary variables with correlation.

B. REAL DATASETS

In this section, we use three different population datasets.
The first population is related to the tube well and net irrigated
area (in hectares) for 69 villages of Dorah development block
Punjab, India (Singh and Mangat, 1996). Tube well is the
study variable while the irrigated area is the auxiliary variable.
The second population data is on Primary and Secondary
schools for 923 districts of Turkey (Ministry of Education,
Republic of Turkey, 2007). Taking the number of Teachers
and Students as study and auxiliary variables, respectively.
The last Population data is on Apple production in 854

villages of Turkey (Institute of Statistics, Republic of Turkey,
1999). The Amount and the number of apple trees are taking
as study and auxiliary variables, respectively. These
population datasets are recently considered in the work of
Irfan et al. (2020). Their values and parameters are presented
in Table 4.5.

Parameters  Population | Population Il Population 111
N 69 924 854
n 12 180 290
Y 135.2608 436.4345 2930.12
X 345.7536 11445 37600.11
R, 34.9565 461.9642 426.87.47
Cy 0.8422 1.7185 5.8379
Cy 0.8479 1.8645 3.8509
C, 0.5747 0.577 0.1883
Pyx 0.9224 0.9543 0.9165
Pyr 0.72159 0.6442 0.2585
Pxr 0.8185 0.6306 0.3458
B2 (x) 7.2159 18.7208 312.6051

Table 4.5: Values and Parameters of the Population datasets

In order to determine the performance of the proposed
estimators over real-life situations. The mean square errors
(MSEs) and percentage relative efficiencies (PREs) of the
proposed estimators were obtained using population datasets
reported in Table 4.5. As a matter of fact, the proposed
estimators, are special case of the existing difference-ratio-

type exponential estimator YH or Y11 (Haq et al.,2017) when

a =1and estimator Y, or le (Irfan et al.,, 2020) when
a=a=1landb =0, respectively. Following the
implementation of these estimators on different population
datasets, the MSE and PRE values are computed and
presented in Table 4.6 to 4.11

(Insert Table 4.6 to 11)

According to these results, it is noticed that the MSE and
PRE of the estimators are decreasing and increasing,
respectively as the choice of a value reduces when the class of
estimator kept constant. As a result of this, the class of

estimators Y011 and Yo121 provided the smallest MSE and
highest PRE values, respectively. In the same vein, it can be

observed that the class of estimator 170_1,2 has maximum gain
of PRE over all other estimators considered for the three
population datasets, when constant a and b are chosen to be 1
and 0, respectively.

V. CONCLUSION

In this study, we have proposed some new difference-
ratio-type exponential estimators of the finite population mean
under simple random sampling without replacement. The
study uses supplementary information on both the actual
auxiliary variable and the rank of auxiliary variable. We
derived the mathematical properties of the proposed estimators
up to first order approximation including the bias, MSEs and
the minimum MSEs. Based on the simulated and real
population datasets, we compute the MSEs and PREs for the
proposed  difference-ratio-type  exponential  estimators.
According to the work of Irfan et al. (2020), existing
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difference-ratio-type exponential estimator 17, or ?1,2 for
population mean under simple random sampling has been
shown to be most efficient in all the estimators considered in
their study. Nevertheless, the MSE and PRE of our proposed

estimators (i.e Y,,, a =0.1,..,0.9) for various classes are
smaller and higher than the MSE and PRE of the existing

estimator Y;, respectively. This means that, the proposed

estimators Y, ,,a = 0.1,..0.9 gained higher precision over
other existing estimator Y, and other counterparts.
Particularly, class of estimator ¥y ; ,.
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