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Abstract: In this paper we investigate Gabriel’s theorem on representation of Dynkin quivers of type A.. We show
that there is a correspondence between the root system and the indecomposable representations of quivers.
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I. INTRODUCTION

Throughout this paper, we will work over the field of
complex numbers. A quiver is a finite directed graph. A
representation of a quiver is an assignment of a vector space to
each vertex and a linear map to each arrow. The main
objective is to illustrate Gabriel’s theorem characterizing
representations of quivers of finite type. Gabriel’s theorem
implies that a quiver is of finite representation type if and only
if the undirected graph obtained is Dynkin. Moreover, the
isomorphism classes of indecomposable representation
correspond to the positive roots of the associated root system.

A. REPRESENTATION OF THE DYNKIN QUIVER

In what follows, a graph means a connected graph whose
vertices are finite with no loops.

DEFINITION 1.1.1: A quiver Q is a directed graph; for
example @ = ~———

DEFINITION 1.1.2: A representation V of a quiver Q is
said to be indecomposable if it is non-zero and it is not
isomorphic to a direct sum of two non-zero representation.
This  can be  written as vEV, D
whereV; = {0}ori = 1, 2,

DEFINITION 1.1.3: A quiver has finite representation
type if it has only finitely many indecomposable
representations up to isomorphism.

DEFINITION 1.1.4: An integral quadratic form in
variables isq, = X, x%, — X, _a xx;, a; €L
This is a homogeneous polynomial of degree 2. Let I' be a
graph, the quadratic for of g. = X7t x* — X, a xx,
a; €L

Letgr: z° — Z x = (xq, ..
root of grif gp(x) = 1.

We say that % = (xy, ..., %) is positive if (X) # {0}
andx; = Oforall1 =i = 4,

* ,x4] € z%s called a

Il. MAIN RESULT
THEOREM 2.1

A quiver has finite representation if and only if the
undirected graph of a quiver is Dynkin. Moreover, Gabriel
established a correspondence between the root system and the
indecomposable representation of the quiver.

ILLUSTRATION

Consider  the quiver @3 and >

o [ ¥ o B ¥
where@, =1—=2—=3—=4and);, =122« 3 =4
The quadratic forms of the above quivers are:

following
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q@, (.’Ij = E?:j_ ng' - Ei-—-_;u' ai}-xix}- = x12+

x,7 4 xgt + x,t — xyx, — x,%5 — xgxand
,,qQE [:-'xf;] = Z:E:f:lx:i _E i ﬂ":'_;l':x::"':'::_;l' = x12+

X" F X" Xy — XXy — XXy — XgXy=
=x12+3¢22 -|-3:::E,2 +x42—x1x: —XpXg — XgX, ,
respectively. We notice that ¢y and {5 have the same
quadratic form. The simple positive roots of ¢4 are (1,0,0,0),
(0,1,0,0), (0,0,1,0), (0,0,0,1), (1,1,0,0), (0,1,1,0), (0,0,1,1),
(1,1,1,0), (0,1,1,1) and (1,1,1,1). Since @4 and @5 have the
same quadratic form, they have the same roots.

REMARK 2.1: Note that the humber of positive roots of
two quivers with non-isomorphic paths algebra does not
depend on the orientation.

The indecomposable representations of @, are:
o
Viggg: T2 0—=0—-0

o o o
Vo10p: 02 C—= 00

o o o

Vag1p: 0= 0—=C—0
o o o

Vagp1: 0= 0—=0—-C
1 o o

Vii1gg: T 000
o 1 o

:0=C—=C—0
o o 1

Vag11: 0=+0—=C—=C
1 1 o

Vii1g: C>C—>C—0
0 1 1

:0->C—>C—C
1 1 1

V411: C=C—=C—=C

By Gabriel’s theorem we notice that, the number of
positive roots of (y corresponds to the number of
indecomposable representation of 4. Thus there is a
correspondence  between the root system and the
indecomposable representation of 4. The indecomposable
representation of &5 will be similar to those of @4 since they
have the same root.

REMARK 2.2: We notice that, for Dynkin quiver, the
number of indecomposable representation of the two quivers
with non-isomorphic path algebras does not depend on their
orientation.

DEFINITION 2.1: Let Q be a quiver with any labelling
1,2.., n of the vertices. Let V' = vy, ..., ", be a representation
of Q. we call dim(V) =dimwv, , ..., dim v, the dimension
vector of the representation. In the above, the dimension
vector of the irreducible representation of {qare (1,0,0,0),
(DJerrnjl (DFDJlJD)i EDJDJDrljy (1r1r010j| (0111110:); (0,0,1,1),
(1,1,1,0), (0,1,1,1) and (1,1,1,1) which are the same as that of
Q..

REMARK 2.3: The dimension vector of the
indecomposable representation of two quivers with non-
isomorphic path algebras does not depend on their orientation.

DEFINITION 2.2: A path in a quiver Q is a
sequenceP = @y ;, ..., ; of | arrows in Q such that
t{a,) = S(ay,,) for all 1=i=<1 where t(—) and s(—)
denote the target and the source of the arrow respectively. We

then say p has length, I. At each vertex i, we have length zero
paths denoted by &;. For example, @ = 1 22354 The
path of QisP = @, a,a;. The length of p =3 and the
length zero paths areg4, €5, €gand £4.

DEFINITION 2.3: For a quiver Q, the path algebra C Q is
the vector space with basis the paths of Q. the multiplication is
defined as;

_(pa, tlp)=s(q)
pq_{ﬂr t(p) # s(q)

@ E ¥
For @; =1—2—3—4, the basis of C ¢4 will be
fej.eq.eq.ena By, ay, By, afy}. Thus €@, has dimension
10.

e B ¥ . .
Q,=1—-2«3—4, the basis of CT&; will be

fey. e, eq, 25,0, 5, ¥} The dimension of T @, is 7.
REMARK 2.4: We notice that the dimension of the path of
the path algebra C {Z depends on the orientation of the quiver.
DEFINITION 2.4: Let Q be a quiver, the opposite quiver
denoted by @°% is the quiver with same vertices as Q and an
arrow & :j —* I for each arrowa: I — j. Using the quiver
above, the opposite quiver of @; and ¢, and

Q,°F =1 f—zf—s « 4 and Q%% = 12253 4 resptively.

DEFINITION 2.5: An A-module M is simple if it is not
the zero module and there are no other proper sub-modules.
Let M be an A-module. A composition series of M is a chain
0=M,SM, ..M, =M of submodules such that all the
factors M"f with 1 =i =<t are simple. The number t is
Ma’—l
called the length of the composition series. Now consider the
i @%F modules associated to the representation, in order to do
this we need to have a basis of the module associated to each
representation and the action table of the basis of the quiver
against the basis of the module.

. . a By
For instance, using €Q,%" =1« 2« 3« 4for the

o o o
representationV,;p,: ©—+0—0—0, let M,,,, have the basis
(X), since the basis of 0 is the empty set, the action table is,
X

Bra*
¥B
B

which is equal to 5; where 5 is simple (1-dimensional).
Vosogt 0 C— 00, basis of My;qpis £} which is equal
to 5, yields,

™
*
O |O|0O|0O|0| O] O]l Ol O] X
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Vi1g0: ©— C— 0 — Owhere basis of M4, is {X,y}

=

*
OO0 O| O|I<K| Ol o] o] XX
OO0 Ol 0| O oo oK

LetL =

o
¥y B
r B

L is a sub-module of M 444, therefore L £ 5,. Taking
the quotient of M40, /L we obtain

=2
w
o|lo|o| o|o| o| o o< | oK

X+L
£y X+L
EZ 0+L
= 0+L
34 0+L
a’ 0+L
B 0+L
¥* 0+L

]Gécaa 0+L
Y B* 0+L
Taﬁsas 0+ L

which isisomorphic to 5;. The composition series
associated to this representation is @ = L © M,,,,. A similar
approach is used to obtain the composition series of the
CQ,%F- modules associated to the remaining representations.
The same argument is applied in obtaining composition series

of the £Q,“*- modules.

I1l. CONCLUSION

We observe that the number of indecomposable

representations of ¢y and @5 and their dimensional vectors
does not depend on the orientation which is the generalization
of the Gabriel’s theorem. In addition, there is a
correspondence  between the root system and the
indecomposable representation of the quiver.
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