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Abstract: This paper presents an exact approach to buckling analysis of thin rectangular plates under vibration. Total
potential energy functional for a thin rectangular plate subjected to both vibration and buckling loads was formulated
from principles of theory of elasticity using split-deflection approach. General variation was applied on the total potential
energy with respect to deflection function to obtain the fourth order governing equation of equilibrium of forces acting on
the plate. This fourth order differential equation was solved, and the function (deflection) that satisfied it was obtained
with unknown coefficients. This deflection function is of trigonometric family. This was followed by the application of
direct variation of the total potential energy functional with respect to coefficient of deflection to obtain the formula for
critical buckling load for plate. Numerical analyses for plate with one edge simply supported and the other three edges
clamped (CCCS), and a plate with two adjacent edges clamped and the other two edges simply supported (CCSS) were
performed. The non-dimensional critical buckling load results from the present work under no vibration for various
aspect ratios were compared with the ones from the work of Ibearugbulem. The maximum percentage differences between
the results of the present and past for CCSS is 0.036. For CCCS plates the maximum recorded percentage difference is
0.024. These percentage differences show close agreements. Also, the non — dimensional critical buckling load for
rectangular CCSS and CCCS plates under vibration at various aspect ratios were determined. Hence, the present
trigonometric shape functions and the equation for non dimensional buckling load under vibration developed are reliable
and are recommended for use in classical analysis.

Keywords: Split-deflection, total potential energy functional, direct variation, trigopnometric Function.

I. INTRODUCTION Jiangiao, 1994, Ugural, 1999, Ventsel and Krauthmmer, 2001,
Wang et al., 2002, Taylor and Govindjee, 2004, Szilard, 2004,

Classical plate theory (CPT) buckling analysis is  Jiu et al.,, 2007, Erdem et al., 2007, Ezeh et al., 2013,

dominated by energy methods such as Ritz, Galerkin, Raleigh,
Raleigh-Rit, minimum potential energy, work-error, etc.
(Ugural, 1999, Ventsel and Krauthammer, 2001 and
Ibearugbulem et al., 2014). Most of these energy methods
applied single orthogonal deflection function. This make it
difficult for deflection function to be separated into two
components. Most previous research works on CPT analysis
on rectangular plates as seen from the literature rely on this
single orthogonal deflection function (Hutchinson, 1992,

Ibearugbulem, 2014). Ibearugbulem et al. (2016) tried to ease
this difficulty of using single orthogonal function by
separating it into two independent distinct functions
(W= wr, % w,) but was based on assumptions. Based on some
previous works on free-vibration analyses of thin rectangular
plate that were clamped on all edges using numerical
approaches (Lee, 2004, Werfalli and Karaid, 2005 and Misra,
2012) and energy variational methods (Lalet al., 2009, Shu et
al., 2007), one could say that works on areas of vibration are
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complex and difficult to analyze. Several works on the
buckling analysis of plate had been done in the past.
Ibearugbulem et al.(2016) derived an equation for critical
buckling load for rectangular plates using the Work — error
and Split — deflection methods given in Equation (1) as:
D 2 E«,_
. 2K + prKy + p1l .
* Ky
In evolving the split-deflection method, Ibearugbulem et
al.(2016) assumed that the general deflection, w is split into
wy and w,.. That is:
W = 1.-1-'_1..1.-1-'}- @
w = Ahy. by b
Where w; and w,, are x and y directional components of
the deflection respectlvely h, and h, are shape functions in
x and y direction respectively, and A is deflection coefficient.
These plates (CCSS and CCCS plates) are subjected to
lateral loads on both sides at x — axis as shown in Figures 1 &
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Figure 1: CCSS plate under Figure 2: CCCS plate under
lateral loads lateral loads

The boundary conditions for these plates are at x — axis

are:
dw [(R=D)

wR=0) = P =0
WR = 1) = £uE=l e’

The main reason for this paper is to provide easy and less
stressful method of plate analysis, using it to develop an
equation for critical buckling load under vibration and
trigonometric shape functions of a thin rectangular plate of
particular boundary condition.

Il. TOTAL POTENTIAL ENERGY

The strain energ)’, U is defined as:

J‘ J‘ J‘ ':ﬂxxExr T Oy gy T Ty Tx}]dz]dxd} 3
x ¥y :

Whre 0y and oy, are normal stresses along x and y
directions, &y, and & are normal strains along x and y
directions, and Ty, and v,y are the shear stress and strain within
the x-y plane respectively.

But

du - diw 4
fax T dr dx? 4

dl;' _z aw 15
Eyy = d_‘} I'i_‘}-‘:

du dv - g w 4
Yoy = dy T dxdy ¢

E — EZ [d*w diw

it e LRt bk v et I

E —EZ | d*w d*w
Oyy T1_ 2 (e + 23] = 1—al*a2 ™ dy? 2k
EQQ— w) —EZ(1— wdw
Ty o

AT L (1 — p2)dxdy

Where E is the Young’s modulus of elasticity and u is the
Poisson’s ratio of the plate.
The external work under buckling and vibration is given

[I :]+mﬁ‘w]dxdv 6

Substltutlng Equations 2a, 4a, 4b, 4c, 5a, 5b and 5c¢ into
Equation 3 gives strain energy - deflection relationship as:

__J'J‘ (d H»x) 9(& dﬂ) (d:wlj: W2 dxdy 7
h dx ~ dy * dy? Wy |axay v
Slmllarly, substituting Equations 2b, 4a, 4b, 4c, 5a, 5b

and 5c into Equation 3 gives strain energy - deflection
relationship as:

JED (Y o (e A (Y
R [J (dﬂj hy +2(dx ' d)-‘j +(d).-=) s }dm} b
x ¥y
Where t is the thickness of the plate and D if the flexural
rigidity of the plate defined as:

Et? o
2401 — )
Substituting Equation 2 into Equation 6 gives:
dwx
J‘J‘ [N .rJ hy” P + meiw, w ]d.rd_‘; Qa

Slmllarly, substituting Equation 2b into Equation 6 gives:

=5

Adding Equation 7aand Equation 9a algebraically
gives the total potential energy functional as:

D[y dw, dw fdw N, fduwy mb*
'"":EJI JI [( ) R v- 'u‘_y} o) w -3 ) wt——w i dxdy  10a

In the same way, algebraic summation of Equation 7b and
Equation 9b gives:
: mb®

ﬂ:“’;_DJI" J[(a:;xj*h=+2(";‘}:%}f_,_(%j‘ﬁ:_%(f;;} n T, h, ]ﬂ-xd}. 108

Equation 10a and Equation 10b can be written in terms on
non dimensional coordinates R and Q as:

hy* +ma=hxfh}.‘]dxczy 9b

ks ZDFJ" Jﬂ (ﬂ:;;x:l!u}’ +— l:ﬂ;,“R a;,‘; } (r’:—;;)!u;’ —‘\’E:‘l (%}l w,? —Y’m::‘;ﬁ‘\:r_"\.r;.E abdR4dQ 11a
20
F , .
20

Where the non dimensional coordinates R and Q are the
ratios of dimensional coordinates x and y to the lengths of the
plate along x and y directions. That is R is ratio of x to a (that
is R = x/a) while Q is the ratio of y to b (that is Q = y/b).
Aspect ratio, p is defined as the ratio of b to a (p = b/a).
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GENERAL VARIATION OF THE TOTAL POTENTIAL
ENERGY

Minimization of the total potential energy functional with
respect to deflection function gives the governing differential
equation of forces in equilibrium for the plate. Equation 11a
can be modified as:

dzwx2
A T j” R ) v

dw,( dw,\* 1 (d?w,\? s i’\fxaz(a.'wz)2 5
dR a0 ) tel\ae ) ™ o /) W

m@Za*

— —w,? wy, (nerny) abdRdQ 11c
Where
dzwx 2 dw,\2 , méia*
T, ff dR2 w,? D (dR) wy? — D —w,’ Wy .n, | abdRdQ 12a
D P 2 d d d? 0%a*
W, wy Wy, ,_mea 2 2
T, = 4J’J’[ ( 2 ) W, wylwy,”.n, | abdRdQ 12b
aa p*\ dR dQ daQ D
ny +n, =1 13

Thus minimizing Equation 12a with respect to wy gives:
dm, d*w,
aw,  2at f f [ are
f[d‘warNxadewx me2a* ]dR J’ 240 =0 14
— W, T, S w =
; dR:L ¥y

D dR? D
Carrying out the integration of Equation 14 with respect
to Q gives:

2 g2 244
Nadwx R me‘a

Wy*—2———
D drz Y D

wywy?.ny |abdRdQ = 0. That is:

1

1

d*w, N.a?’d*w, mé2a* _
J‘ dR* + D dR2 - D Wy Ty dR .c;=0. That is:
1]
1

d*w, N.a’d?*w, mo?a*

+ — W,.n,|dR =0 15

”dm D dR? p VM=
1]

Where c; is a constant.
Similarly, minimizing Equation 12b with respect to w,
giveS'
mf2a*

J‘J‘ 4 d?w, dwx 2 d'w, a
fadl wi—2——
dwy 2 sz p dQ* D

2 : dwx dw, d*w,
=G quzdmffwmfwd .
Carrying out the integration of Equation 16 with respect
to R gives:

wxz.wyny]abdeQ = 0. Thatis:

1 1
nyfwxzdR.fwdeZO 16
1) 1)

1
2 d*w, mAZat

d
3-C2 40z dQ+E.c3. 0 Q— D
(1] o

ny.c4.fwde =0 . Thatis:
0

1

f[Z d*w, 1 d*w, mA’a* dg =0 17
G+ G — T G Wy =

Jlp aQ* ' p aqQ D

Where c,, ¢3 and ¢, are constants.
For cases of pure buckling (that is in the absence of
inertia force), Equation 15 and Equation 17 become:

1
J’ d*w, N.a? d?w | ar o 18
dRr* * D " dR?
1]
1
2c, d*w, ¢
—. =0 19
f|:p2 dQ2 +3 4- dQ4- Q
1]

The ready solutions for the integrands of Equation 18 and
Equation 19 are:

W, =do + d;R + d,e'91R 4 d e~ 91k 20
wy =d, +dsQ + dge92? + d,e'92¢ 21

Where do, d;, dyds, ds, ds, dg and d; are integration
constants, and

N,a? 2c,p?
and g, =
D C3

91 = 22

Transforming Equation 20 in trigonometric form gives:
w, =do + d,R + (d, +d3) cos g, R + (id, — id;)sin g, R . That is:
wy =ag +a;R+ a,cos g, R+ azsing, R 23
Where dp = do, a; = dl, dy = d2 + d3 and dz = |d2 - |d3
Similarly, transforming Equation 21 in trigonometric

form gives:
w, = dy +dsQ + (dg + d;) cos g,Q + (idg — id;) sin g,Q . That is:
wy, = by + b1 Q + b, cos g2Q + by sin g,Q 24

Where by = dy, by = ds, b, = dg + d; and b; = ids — id;
Substituting Equation 23 and Equation 24 into Equation
2a gives:
w = (ap+a;R + a, cos g;R + azsin g;R). (by + b, Q + b, cos g,Q + b3 sing,Q) 25

DIRECT VARIATION OF THE TOTAL POTENTIAL
ENERGY

Formula for analysis is usually obtained after
minimization of the total potential energy functional with
respect the coefficient of deflection. Hence, minimizing
Equation 11b With respect to deflection coefficient gives:

di _ “’ dzh :, dh dh,, +i d>h,, Zh . Nea? (@)Zh ,
u!RZ hy dR do p*\dQz) % D \dr/ 7Y
mez 4
- hy hy abdRdQ =0 . Thatis:
dn N,.a? me?a*
T4 [Fup- kero] + E[kxyﬂ-kxye] +E[kyﬂ-kyo] L [kayr -] = ——=—[leyr - kug]
=0 26

‘Where:

k —f Lhy dR k —fl(dh")zdie
xR’O dR2 xyR*D dR

k —fl(dhy)zd- k —flhzda- k —fl(dzhf’)zd
X;VO’D dQ Q; yR*D x ’ yQ*D sz Q

Rearranging Equation 26 gives:

1
ko :f hy2dQ;
(1]

92 4
N,.a? kr— %ky}t - kxo .
D PR

Where:

2 1
kT = ka. ka + _2kxyR- kny + _4 kyR' kyQ
p p
Under free — vibration only, the numerator of Equation 27
is zero. The vibration frequency at free vibration is natural
frequency, A.Thus:

mi-a
by — D Kpg  Kyg =0 28
Rearranging Equation 28 gives:
mdiat kr
= - 29
D Kpg - kxg
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The frequency of vibration 6 is alway a fraction of the
natural frequency. Its range is 0 < 0 <A. That is:

F=n4 30
Where n = resonating frequency ratio

0=n=1 31
Substituting Equation 30 into Equation 29 gives:
mfa’a* . ; 12

D" kg ke °
Substituting Equation 32 into Equation 27 gives:

2 kr
Nx' a2 k]“ — (Tl . kle kx@) kyR . ka
= . That is:
D Kayg -Kag

Nx.a2 k]"

= 1—n? 33
D kxyR.ka[ ]

This Equation 33 is the formula for calculating the non-
dimensional critical buckling load for a rectangular plate
under vibration.

I1l. NUMERICAL ANALYSES

Analyze a classical rectangular thin rectangular isotropic
plate with:
v" Three edges clamped and one edge simply supported
(CCCS) using trigonometric function for both w, and w,.
v' Two adjacent edges clamped and the other two edges
simply supported (CCSS) using trigonometric function for
both w, and w,.

FOR CCCS PLATE

After satisfying the boundary condition for cccs plate the
deflection components obtained are:
wy = Adg —g.R—g,cosg, R +sing, Rl 34a
wy = Ay (1 — cos 2=Q) 34b
Where g; = 4.49340946
From Equation34a and Equation 34b the shape functions
are:
hy, =g, —g R —gycosg, R +sing, R 35a
hy = {1 — cos 2=Q) 35b

FOR CCCS PLATE

After satisfying the boundary condition for cccs plate the
deflection components obtained are:

w, = A.(g, — g, R — g, cos g, R + sing, R) 36a

wy = A,(g; — 9:Q - g: cos g, Q +5ing. Q) 365

Where g; = 4.49340946 and g, = 4.49340946

From Equations36a and Equation 36b the shape functions
are:

h, =g, — g —gycosg, R +sing, R 3Ta

h‘_‘l.‘ =g;:— 5.0 —g;cosg;Q +sing @ 37b

With these components of shape functions the stiffness
coefficient are calculated and tabulated on Table 1

L] kg kexyp kg kyx kyg
4376113774 15 2304800172 27 1942379403 8+
cecs
ke kzp kexyn -Rayg keym Ry Fexyn -kxg

6364.170661 | 4349403184 | 1513643297 | 3457200258

kxn kxg kg kg kyr kyg

4376.113774 | 1942379403 | 2304800172 | 2304800172 | 1942379403 | 4376.113774

CCss

L ) kg kg kyg -Ryg kg -k

$3000.7326 | 33121.03833 | 3830007326 | 4476.796382

Table 1: Stiffness coefficients for the two plates
1.386159 2.305917038
2 + 4 )
-4 =4
1.386159 2.305917038
2 + 4 )
oC [+d

1.249896 1 )

For cccs plate:  ky = 6564.170661 (1 +

kr

= 18.98695526(1 + 39

kxyﬁ -xQ

For ccssplate:  ky = 850(](].7326(1 + e o

kr 1249896 1 )

= 18.98695526(1 + 41

2 4
Koyr -Kxg « o

IV. RESULTS AND DISCUSSION

The split deflection total potential energy functional for
thin rectangular plate loaded simultaneously with in-plane and
inertia loads was formulated as shown on Equation 10a,
Equation 10b, Equation 11a and Equation 11b. The equations
are so unique such that it can easily be seperated (uncoupled).
This fit was evident when general variation was applied on it.
The governing equations obtained after general variation with
respect to w, and w,, were shown on Equation 14 and Equation
16. These equations were reduced to easily solvable equations
as shown on Equation 18 and Equation 19. Upon solving
Equation 18 and Equation 19, the trigonemetric expressions
for wy and w, were obtained. See Equation 23 and Equation 24
for expressions for wx and wy. Equation 25 is the general
orthogonal equation of deflection of rectangular plate under
buckling load.

After direct variation was applied on the total potential
energy functional, the formula for calculating the buckling
load when the plate is acted upon by in-plane and inertia
loads. This formula is shown on Equation 33. It is an easy to
use formula. Two cases of plates of different boundary
conditions were analysed. After satisfying the boundary
conditions for cccs and ccss plates their unique shape
functions were determined as shown on Equation 35a,
Equation 35b, Equation 37a and Equation 37b. The formulas
for calculating the buckling loads for cccs and ccss plate under
both in-plane and inertia loads are obtained by substituting
Equation 39 and Equation 41 into Equation 33. They are
vrespectively given as:

Ny.a? — 18 98695526(1 1.386159 2.305917038) [1—n?] lat
D18 + e por —n for cecs plate
N,.a? 1.249896

= 18.98695526 (1 + for ccss plates

1
20 Lo
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It is noticed that at zero vibration (n = 0), the critical
buckling equations obtained herein are the same with those
from earlier studies. However, the equations from the present
study differ from the onesobtained by previous study when
inerial load is applied (n = ). This difference accounts for the
effect of vibration on buckling of rectangular plates.

The non-dimensional critical buckling load results of this
present work when inertia load was absent (n = Q) for aspect
ratios (1< P < 2) where compared with the results from the
work of Ibearugbulem et al.(2014).These comparisons were
presented on Table 2 and Table 3. The percentage differences
between the results of the present and past for CCSS and
CCCS plates ranges from 0.000 to 0.036 and 0.018 to 0.024
respectively. This showsthat the differences are insignificant.

Furthermore, as resonating frequency ratio (n) increases from
0 to 0.9 at each aspect ratio (P = b/a) ranging from 1.0 to 2.0,
non-dimensional critical buckling load also decreases, thereby
weakening the strength of the plate and hence requires less
effort to cause it to buckle. At resonating frequency ratio (n =

1) at all aspect ratios, non-dimensional critical buckling load
equals zero, [(N’:) = 0].At this stage, the plate buckles

without buckling load.

Non — dimensional critical buckling load ()
Resonating frequency ratio (n)

Aspect
ratio 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.
(P=b/a 0

1.0 61.7 61.0 59.2 56.1 51.8 46.2 39.4 314 22.2 117 0

(n=10) 06 | 8 | 37 | 52 | 33 | 79 | 92 | 70 | 14 | 24
Percentage 11 Séés 5;0 4365 426%9 413%3 3%6 331.10 2363 1&5 9,;9 0
Aspect Ibearugbulem et al. | Present difference 12 [ 446 | 441 | 428 [ 406 | 374 | 334 | 285 [ 227 | 160 | B47 | 0
ratio (2014) study We-ngl ! 13 | 396 | 392 | 380 | 361 | 333 | 297 | 253 | 202 | 142 | 753 | 0
_ u 77 | 80 | 90 | o6 | 29 | s8 | 93 | 35 | 84 9
(P — b/a) NF NE Ve t 14 36.0 | 356 | 345 | 327 | 302 | 27.0 | 230 | 183 | 129 | 691 | ©
1.0 89.354 89.333 0.024 5 33372 37279 3369 3%42 27719 23189 26143 17699 17139 6132 0
1.1 71.131 71.115 0.022 ' 85 | 52 | 54 | 89 | 59 | 64 | 02 | 75 | 83 | 4
1 . 2 5 9 . 0 60 5 9 ] 0 4 7 0 ] 0 2 2 1.6 3 é4l 351):.;8 2(%9 2?(.)3 2;3(.)1 26363 139é9 1 {;;98 lflléZ 5 g 1 0
1.3 50.735 50.724 0.022 17 | 294 | 291 | 282 | 268 | 247 | 221 | 188 | 150 | 106 | 560 | ©
72 | 77 | 93 | 19 | s6 | o4 | 62 | 31 | 10 0
1.4 44,795 44,785 0.022 18 | 281 | 278 | 269 | 255 | 236 | 21.0 | 170 | 143 | 101 | 534 | 0
20 | 39 | 95 | 89 | 21 | 90 | o7 | 41 | 23 3
15 40.433 40.424 0.022 19 | 270 | 26.7 | 259 | 245 | 226 | 202 | 17.2 | 187 | 972 | 513 | ©
1.6 37.148 37.140 0.022 18 | 48 | 37 | 86 | 95 | 63 | 91 | 79 6 3
1.7 34.620 34.613 0.020 2 2(()3%1 Zfég zgéo 253%7 23169 15?65 1(?537 113213 g'gg 4'36 °
1.8 32.637 32.631 0.018 Table 4: Non — dimensional Critical Buckling load for
1.9 31.056 31.050 0.019 Rectangular CCSS Plate under Vibration
2.0 29.777 29.771 0.020 —_
Table 2: Non - dimensional critical buckling loads for CCCS Non - dimensinal CQ:CSL::C&;TS(I::(] ()
Rectangular plates under uniform unilateral stress Aot oy
(n: []:] ratio (P= 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
bla)
Percentage 1.0 89. | 881 | 8. | 8L | 74 | 66 | 57. | 45 | 32 | 16. | 0
Aspect | Ibearugbulemetal. | Present difference T R T o
ratio (2014) study |No_w.| 100 642 | 36 | 816 | 284 | 330 | 982 | 211 | 027 | 431 | a2
(P= N, N N, 1 | o7 | "oa | om | ton | o% | o4 | 500 | 775 | ot6 | ow |
b/a) Ve | ‘oi | ara | aoo | oo7 | avi | oo | s | seo | 78 |
1.0 64.736 64.737 0.002 14 43 | 433 | 42 | 39. | 36. | 32 | 28 | 22 | 15 | 83 | 0
812 | 74 | 059 | 869 | 802 | 859 | 040 | 344 | 772 | 24
11 54.133 54.134 0.002 15 39 | 389 | 37. | 35 | 33 | 29 | 25 | 20. | 14 | 74 | ©
333 | 39 | 750 | 793 | 039 | 499 | 173 | o060 | 160 | 73
12 46.916 46.917 0.002 1.6 35. 355 34. 32. 30. 26. 23. 18. 12. 6.8 0
1.3 41.806 41.806 0.000 948 | 89 | 511 | 713 | 197 | 961 | 007 | 334 | 941 | 30
14 38.066 38.067 0.003 Y | %6 | on | oos | % | oo | oos | 3 | ooi | oon | a4 |
15 35253 | 35253 | 0000 PR BRI
1.6 33.074 33.086 0.036 19 29. | 293 | 28. | 26 | 24 | 22. | 18 | 15 | 10. | 56 0
637 | 41 | 452 | 970 | 895 | 228 | 968 | 115 | 669 | 31
1.7 31.382 31.382 0.000 20 28 | 280 | 27. | 2 | 23. | 21 | 18 | 14 | 10. | 53 | ©
18 30.018 30.018 0.000 303 | 20 | 171 | 756 | 775 | 227 | 114 | 435 | 189 | 78
19 28.910 28.910 0.000 Table 5: Non — dimensional Critical Bugkling load for
20 27997 27997 0.000 Rectangular CCCS Plate under Vibration

Table 3: Non - dimensional critical buckling loads for CCSS
Rectangular plates under uniform unilateral stress

This paper presents the non-dimensional critical buckling
load results of CCSS and CCCS plates when inertia loads
were applied (n # 0) for aspect ratios (1< p <2) on Table 4
and table 5 show that as aspect ratio (P = “,) increases from
1.0 to 2.0 at each resonating frequency ratio / inertia load (n)
ranging from 0 to 0.9, non —dimensional critical buckling load

(N’;r)decreases, thereby causing the plate to get more slender.

V. CONCLUSION

The conclusion is drawn that with the close agreement of
the results obtained from past and present works at n = 0, it
follows that the results of non — dimensional critical buckling
load for n — values and their corresponding aspect ratios
presented in Table 4 and Table 5 (for which there are no other
existing results to compare with in literature) are also correct.

Page 11
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Hence, the present equations developed are reliable and
are recommended for use in classical analysis. For future
studies, it is recommended that buckling analysis of a thin
rectangular plate under vibration outside these aspect ratios
should be carried out using this present method.
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