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Abstract: Let Ay, A, ..., A, €EH,,, and @;,a;, ..., &, be positive real numbers. It is proved that if
7L, @, =1 and if the A, are non negative definite triple complex matrices, then [tr [ITt, A % | < [I7L,(trA4,)%
and equality occurs if and only if (a) for E_T:i a. = 1,all A, are scalar multiples of one another.

(b) for 2?:1 a, =1, all A, are scalar multiples of A4 and are of rank 1. This result generalizes many classical
inequalities and gives a multivariate version of the recent paper by Magnus (1987). The above inequality can be

generalized further. Let &3(C) = a,(C) = -~ = g, (C) be singular values of an # X 7 quaternion Hermitian

m m m 1/5(5 s m 1/0(5
matrices. Then forall I = 1,2,...,n Yt (II2 A = XE 1T 0 (4) = T (B [0 (4] /5s) < XL (Xt as[o (A9)] 7o)
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I. INTRODUCTION

Throughout the paper, H, ., will denote the 1 X n
quaternion Hermitian matrices.

I1. INEQUALITIES FOR SINGULAR VALUES

Let C € H,,.,,. Then ¢,(C) = 0,(C) = -+ = g, (C)
will denote the singular values of C, and & (L") will denote the
column vector (&, (€))7 in the 7 — dimensional Euclidean
space R"; the x[ﬂ“s will denote the rearrangement of the
x.'s with Xpyy =Xy = Zxpy. Let x = (x,),
y= (}?r] € RR". Then x is said to be weakly majorized by
Y, ifEizlx[ﬂ = Ei-:l}’[r] foralll = 1,2,..,1;

X is said to be majorized by vy if
Yi_,x, =Xl_, v By a result of Gelfand and Naimark
(1950), [or p. 248 of Marshall and Olkin (1979)], we obtain
(4145 . Ap) < (A * 0(43) * ot 0 (Ap) 2.1)
[+ 0(Ay) * 0(A) * o 0 (Amy = 0(A)0(A;) .0 (Am)]

Where each 4, € H,.... and * is the pointwise product
if we view x € R" as a function on {1,2,...,n}. By a result of
Fan (1951)

a(Ay+A, + - +A4,) <o(A) +o(4) + -+ a(4y) 2.2)

THEOREM 1

Let Ay, Ay, ., Ay € Hyypo @4, @, oo, @y > 0 With

m
Z a;=1andl € {12, ..,n}.Then

s=1

m m

e Z‘ﬂm(m <[]
s=1 t=1 s=1

5=1

m

i[m (ns)lil P Zl

t=1

i alo mmi]

t=1

t=1
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PROOF

Since Ag = Az + Ag) + Aok

]_[A H(Am + A+ Agk)

HA5= HAS°+1_[ASJ+1_[AH"( (v A+ B =AB = AyBy + A,ByJ + A,B;k)
s=1 s=1 s=1 s=1

ol [0 = o[ Jaw+] [ +] 2k
s=1 s=1 s=1 §=1
< o[ Jaw +a | [amn + o[ [au0)
5=1 5=1 s=1

[+ a(A14z . Ap) < a(Ay) * 0 (Az) * .t 0 (Ap)]
Now,

Z U't(l—[Aso) = Z 1_[0}(1450)

t=1s=1

(By theorem 1)
<1l {2%:1[0}(1450)]“_15 } ’

<y [z o1 (Aso) l
5= 1
ﬁ JL‘(ASU) = ﬁ ’i [Ut(ASO)]%S }

R

@s

t=1 5=1 t=1s5=1 5=1 \t=1
m 1
< [Z as[at(Aso)wis} M
s=1 \t=1
Similarly,
Zla't(ﬁflslj) gzlﬁ a:(As1))
Sﬁ{ [o:(As1))] lxsl -

m L 1
< Z{ a [at(Aﬂf)]ﬂTs}
t=1

=1 \t=

Therefm"e,zl: crt(ﬁA J) < chft(z‘lsﬂ) < ﬁ{i Ut(Aslj)]%s}

©»

s

t=1 s=1 t=1s=1 s=1 \t=1
m L 1
gZ{Z alo@adsl (@)
s=1 \t=1
Similarly,
I m
at(]_[A DEDN P2
=1 s=1 t=1 s=1

L s

{Z [or (Aszk)]“is }

:]s

1

@
Il

L 1
{ as[oy (Aszk)zs}

Therfore,i at(ﬁAszk) < ZL: ﬁ 0, (Ask) < ﬁ {ZL: [Ut(Aszk)]“Ls }“5

EME

t=1 s=1 t=1 s=1 s=1 \t=1
m L 1
<> {Z a [af(Aszk)ws} ®)
s=1 \t=1

From (1) (2) and (3)

t=1 s=1 s=1 \t=1
m ]
< aslo (A )as]
;{t—l
The proof is completed.
THEOREM 2
LetAy, Ay, oo, Ay € Hyyn, Wherep > 1,and L € {1,2, ...,n}. Then
l m 4 1 m
{ [at(ZAs) } { PRAZS } { [Zatms) }
t=1 s=1 t=1 Ls=1
PROOF

Since A = Ay + Ayj+ Ak

m m m m
S =S S s S
s=1 s=1 s=1 s=1
m m m m
0D A=) Ao+ ) A+ ) Ash)
S=1 S=1 5=1 5=1
m m m
<) A + 0 Aaf) + 0D Assk)
5=1 §=1 =1
L m ] m m m
Do AN Y [0 A + 0 Asa) + 5D Ak)]
t=1 s=1 t=1 s=1 S=1 S=1

Now,
l m Y L rm o Up
{ Ut(ZAso)l } = {Z Iz G (Aso) }
t=1 t=1 Ls=1
m 1 P Yo
< o:(Ag) (by theorem 2)
22
Therefore,
1 rm Y mop ol »\ Vo
{ [Ut(ZAso) } = { [ 0¢(Aso) } < {Z IZ O't(Aso)] } (€3]

Similarly,

{ZL [Ut(iAsﬂ)

/o Lrm
} S{Z[ZJI(ASJ)

/o m ol
} < {Z IZ 02 (Asr))

oo moi
} = {Z [ 0(As2k)
1

m Y m
{Zl: [at(ZAszk) p} < {2 [Z 0 (As2k)
t=1 s=1 t=1 Ls=1

Now, By (1), (2) and (3)
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l

=Z [o: (i Ago) + Ur(i Agj) + Ur(i Aszk)]
s=1 S=1 s=1

t=1

i[m(i&)]
i

= G't(ZAso) +Z o (ZAslj) +Za't (ZAszk)]

=1

]

ZZ %(Az) +Z Z o (Asf) + ZZ o (Agk)

t=1s=1 t=1s=1

{i[at(im)]p} " {Zli[ofmso)lp} p+{zli[atmsﬂ)

t=1s=1 t=1s=1

1,

I m lfp
+{ Z[Ut(Aszk)]p } (by Theorem 2)

t=1s5=1

t m o
s{Z[m(Zaf(As)]ﬂ} &)
m m m m Yo
{i[at(ZAs)]ﬂ} SZ{Z[@(ZAN)} +Z{l[ntZ(Am)1”}

m n m /
sZ{ [oc ) (4 3)11’} ®)

From (4) and (3), we get

L m o L m o m o o
{Z[atZ(As)]p} S{Z[Zatms)]f’} SZ{ZMAS)P}

t=1 s=1

The proof is completed.

I11. INEQUALITIES FOR TRACES
THEOREM 3

Let Ay, Ay, ..., A4, be non zero non negative definite

quaternion hermitian matrices in H, n and
(e S SR S | B
v’ Suppose that ey, =1

Then |1"T'[H? 1-‘51E‘sj| < JI%, (trA,)% (]J and
equality occurs if and only if all A_ are scalar multiples
of A4.

v Suppose that 2= @, = 1. Then (1) holds and equality

occurs if and only if all A, are scalar multiples of 44 and
r(4;) = 1.

PROOF

v ForC = (crsj € Hyunm

t,Cl=]) ¢

=
!
=1
T

= Zcrr[('.':]

t=1
So,
m n m
IS EXANLS @
s=1 t=1 s=1

By Theorem (1),

Zat(l_[A ) <]_[[Z[at(flso)1 } 3)

5=1 ‘\t=1

Since A is non negative definite,
G, [‘4 ) A [;1 ) A.(A)%, where A.(A,)
is the t%™ largest eigenvalue of 45

Thus, 1 N
H{Z{a@:‘s)}%} =U(rmmjﬂs @

From (2), (3), and (4) we obtain (1)

Let, s =1,2,...,m and we write

A = Py Dy Py (5)

Where FP_y is unitary and D
diagonal. Thus

|tr (AT A% . AgT)| = tr(Pro Pro D5t Pio PaoDyg Psg o

= (6,4,(4,))

P Prmo Dyt G]

By a complex version of Theorem 5 of kiers and Ten Berge (1989),
[er(Pro Pro Dig- Pio P2oDyq Poo - Py Prmo Dyy) | < tr (Dig Dy ... Dy)  (7)

and equality occurs if and only if

Pio Pip = +N,, Mj,
F‘*i F‘S. Ny, M., s=23,..m (8)
For some unitary matrices N, M_, and L_ satisfying
N.C= MC= L.C (9)
Where,

C=(Ir,0),Leg D' = D7 Lpa7 = | _:_:’”;“;m r(D5) (10)

Since the product of two diagonal matrices is itself diagonal.
Here, tr [ﬂf‘- ﬁl?‘") = (trd,)*(trd,;)" gives

m m
o) <[ Jerpey® = Jeram=  an)
s=1 §=1

and equality occurs if and only if forany [ = 2,3, ..., m
D= mD D,,forsome a; = 0 (12:]

So, = 1(D ) foreach S=1.2, ..., m. write

o [Nfl - [ 4]
10 LR i ] »
N31 N2 L% Lo

a a
tr(Dyg Dyg ...
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Where Nfl and Lil are ¥ X ¥ matrices by (9) and

(10)
N, =13, NI, =19, (13)
Since L5 commutes with Dlﬁr it commutes with
Dy = [DD D] (14)
o0 0

Where D is non singular diagonal matrix. Thus
pLY,=1L,,D%1%, =0,L%, =0

By (15), 5
N P
S BV

Since L4 is unitary.
oty — g0
Liy Ly, = I, =1Ly

(15)

(16)

L9 L3 = I, =L L, (17)
Since Ny is unitary Ny5 Ni; = I and therefore
Nf1 NEl—l_NEE NE: =1 (18)

By (13), (17) and (18), N2, N, = 0,where
N, = 0,Thus

Nl}
Nj_[:l 11

L3
w2 ] (19)

[
By (13), (15), and (19)
M,

Ny Dig =Dy N oD1g = DygMy (20)
By (5), (12) and (8)
— =
Ay = a5 Py Dyg Py
Aso = Qg0 Pso D1 Py
= aSGPl(]Pl*D‘DZOPZ*D PSO*l P;(lfl PS(]DI(] P;O PS(]*IP;(]*l PZ(]PZ*OPIOPI*(]
=G'SOP10N10M50N20M§0 NSO*IM;(]DIOMSON;(]fl M30N£0M20N;0Pf0
so by (20),
AS(] = aSGPI(]DlONl(]M;DNZGMgG NS(]*IMS*OMSDNS)“Dfl MS(]NZ*OMZON;GPID
Since the Nyo and My, are unitary,
Ago = agoProDyoPly = agodio (21)
Similarly,
i ® o __
Ay = ay Py Dy P = a4y, (22)
and
— ®
A = an,Pp Dy Py = agdy, (23)

Thus equality occurs in (1) only if (21), (22) and (23)
holds. It is easy to prove that (21), (22) and (23) implies that

equality occurs in (1).
(b) Let @ = X%, a_ then by (a)
e[ [ai=ter ] Jean®11 < [ | eran™
2=1 =1 =
and equality occurs if and only if the AS are scalar
multiples of one another.
Note now that for any non zero non negative definite
guaternion hermitian matrix A in H ...
trA® < (trd) © (24)
and equality occurs if and only if A is of rank 1. So (1)

holds, and equality occurs only if all A, are scalar multiples
of one another and are of rank 1.

The proof is completed.

THEOREM 4

Let Ay, Ay, ..., A, be non zero non negative definite
quaternion matrices in H,,..,, and &y, &4, ..., &, be positive
real numbers.

(a) Suppose that, 7=, @_. = 1. Then
rr(nx-l?) = n (tr A)% = Zaf trd, (1)

g=1 = 2=1

and equality in the right hand side occurs if and only if all
trA_ are equal; hence equality occurs in the left hand side
and in the right hand side if and only if all A, are equal.

(b) Suppose that & = XI=, @&, = 1. Then

rr(ﬁﬂf“) = ﬁ(rr A)% s(i% rmg)“ (2)

2=1 2=1 2=1

and equality in the right hand side occurs if and only if all
tr A, are equal; hence equality occurs in the left hand side

and in the right hand side if and only if all A, are equal and
are rank of 1.

NOTE THAT IN (2)

v’ ifeach &, = 1, then the inequality in the right hand side
is nothing but the matrix version of the geometric -
arithmetic mean inequality.

v if @ <= 1, then the inequality in the right hand side holds;
but the inequality in the left hand side may not hold.

THEOREM 5

Lett=12,..,0, where 4,.,5 = 1,2, ...,m are triple
representation non zero non negative definite hermitian
matrices in H,....and @y, @, ..., @, be positive number

such that
;“ s, =1 Then
1}
5 b oot <[] 5 i
PROOF
Now,

m m m m
HAts = HAESD + HAtslj + HAESZ ke
s=1 s=1 s=1 s=1

m m m m
tr (HAts) =tr [1_[147:50 + HAtslj + HAtszk]
s=1 s=1 s=1 s=1
m m m
< o ([ [Aw) +or ([ [4esd) + o (| [Aeeb
s=1 s=1 s=1
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m m m m
e ([ Jae < 1er (]_[Atso) [+l er( [ Al + 1er(] [ 4,001
s=1 s=1 s=1
m

[er (1_[ Ausy + ]_[Atslf + ]_[Atszk)l
{ i [trdes,] + i [tras,)i + Z [trae, ]k}

s=1 t=1 t=1 t=1

P m m r

[T :rA“s )+ (Z trA“s )%+ (Z trA“s  Yeck )

s=1  t=1
m 14 1
T3 v

s=1 t=1

hence,

im(]ﬂ[w ]_[ Zm )

= =1
The proof is completed.
THEOREM 6

Let A be a non zero non negative definite quaternian
hermitian matrices in H, ;.. P4: P25 - P be positive real
numbers and P = p.

v’ Suppose that 7, fp =1.

Then for any non negative definite quaternion hermitian

matrices Ay, A4, ..., A, with each

tr APs =1,| tr(A)| < [tr

and equality

Ps — 4P v

APs = AP Jtr AF
~ suppose that,

Z?ill/pt >1 and r(A) = 1 the conclusion of (a)stil hold.

(4?)] (1)

occurs if and only if each

PROOF

v Let A be non zero non negative definite quaternion
hermitian matrices. Then A € H_ ..
Now,
A=A, +AJ+Ak
Hs = ASD + Aslj + ASZ k
tr(d;) = tr(Ag + Asyj + Agpk) < tr(Ag) + tr(ds)j + tr(4s)k

[tr(A)] < ler(Asp) | + 1er(Ag )l + 1 er(A)k |
<tr(4? 0)1’ + tr (A7 1)13 j+tr (Al 2)13 k
< [or (A7)

(42)1=

ltr(A)] = [er
Hence the part (a).

v Suppose |tr(4,)| < [tr(AZ)] and equality occurs if
and only if A is of rank 1. So (1) holds and equality

occurs only if all A, and are of rank 1.
Therefore r(A) = 1.
Hence the part (b).
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