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Abstract: In this paper a multi graded organization in which depletion of manpowers occur due to policy and transfer
decisions is considered when the breakdown threshold distribution follows SCBZ property. Mean time to recruitment is
obtained by using an univariate CUM policy of recruitment (ie) ”The organization survives iff atleast r (1 = r = n)) out of
n grades survives in the sense that threshold crossing has not take place in these grades”. The influence of the nodal
parameter on the system characteristics is studied and relevant conclusions are presented.
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I.  MODEL DESCRIPTION AND ASSUMPTIONS

v" An organization having n-grades in which decisions are
taken at random epochs (.22} is considered.

v' At every policy decision epoch a random number of
person quit the organization and at every transfer decision
epoch a random number of persons are transferred.

v' It is assumed that the loss of manpower is linear and
cumulative.

v" The loss of manpower process, process of inter policy and
inter transfer decision times are statistically independent.

v" The thresholds for the n-grades are independent and
identically distributed random variables following SCBZ
property with same parameter.

v Univariate CUM policy of recruitment “The organization
survives iff atleast + (1= = n) out of n grades survives in
the sense that threshold crossing has not take place in
these grades”.

Il. NOTATIONS

x;: Continuous random variable denoting the amount of
depletion of manpower caused due to the i'" policy decision in
organization.

& time of occurrence of the i decision.

..+ Cumulative loss of manpower due to the first m1
policy decisions in the Organization.

¥:: Continuous random variable denoting the amount of
depletion of manpowers caused due to the j" transfer decision
in organization.

..t Cumulative loss of manpower due to the first =i
transfer decisions in the Organization.

W, .3:The distribution function of inter policy decision
times with hyper exponential i.i.d random variable.

Wi (.3:The distribution function of inter transfer decision
times with exponential i.i.d random variable.

1, ™ (. J: m1 fold convolution of u; with itself.

1™ (. n1 fold convolution of #;. with itself.

f..+ 7.t The cumulative loss of manpower due to mi
policy decisions and n1 transfer decision.
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W:_.-_+ Distribution functions of cumulative loss of
manpower due to mi1 policy decisions and =1 transfer
decision.

T: Time to recruitment.

E(T)Mean time to recruitment.

N (T3 Number of policy decisions at time T.

N:.... (T3 Number of transfer decisions at time T.

1. MAIN RESULT

From renewal theory, the survival function of T is
P(T = t) = P&y, (T) + ¥y, (T) < E) (1)
Conditioning upon Nz(TJ) and Nr,.,..(T) and using law
of total probability
PT>¢6= Z P(N(T) = mljZP(’\me(T] = n1) P(F ey + Fns = 2) @
As N (T)} and {Np,..(T)} are two independent
ordinary renewal process by hypothesis invoking the result.
PN (T) =m,) = W,™ (&) — W,™** () and
P(Nppan:(T) = my) = W, ™) — W, ™7 ()
P(T=8= Z [y, ™ () — 1-%““(8]2[1%“(8 W,m )] P (B + Py = 2)

mi=0 ni ( )
Where W, () = W, %(x) =1
Let z;.j = 1.2,..n follows SCBZ property with same
parameter

H(z) = {1

Jj=1.,..nforfixed T = 15

Assuming the truncation level, itself a random variable
such that t follows exponential with parameter &, we have by
law of total probability,

g, — &, .8 ( g
—1 — = - 4I1E _ -8z
H(z) =1 (E‘+E‘L—E‘:Jg E‘+E‘1—E‘:Jg
H(z) =1 —pe @82 _ggfz (4)
8
Where p = (m) and g = {r) with p+g=1(5)

Since Z is independent of i, and¥,;,by hypothesis
conditioning upon z and using law of total probability

Py + 5 =7 = f P(%,, + §uy < Dh(2)dz
D .o

—B4=;
1—-eg 1 z_i- = To

- - I |
— e Eing E‘(xa, '"'Tp <= z;

.(6)
where

n
H(Z] =1 _Z ‘.7’1[.-[' [[pg—[9+9,_jx + qg—ﬂgx]l[-]_ _pg—[9+9,_:|x_ qg—ﬂzx]ﬂ_l}
i=r

Wz = ) nG{{pi(6 + B)e~ 0007 4 glig,e 0]

i=r

- (n — l')C-l{p’“(i'+ 1)(3 +31)941‘+1jc6+8.)z + --rq'“(i+ 1)(92)9—(”1)(92):]

+ .“(71)ri-z'{p)1n(ﬂ+gl)e-l\[9+ﬁ,)z+“_qnnﬂze-n(ﬁp'\z}}

@)
P(fm + Foy = 7
EU‘(“ + 0,)eOHOIE 4 . i, g il0: |1]
f P&y + P < ‘:)XZHC ~(n— !)c,g* 1(:+1)(u+0,)e’~ D002 gl 4 1)(Bg)e NN}y 1z
—1)"Hp" (8 + B)e 7 4 g, )%}

Substituting equation (8) in (3)

P> 1) = Z (W™ ) - W, "”“(r)]Z[w. ”(r)—WU'”‘(t)]f PGy + P < 2)

% Z né; {[p.,(u +0,)e7HO07 4 .. glig,e~i(0)2)

i=r

_(" —l)Cl{p'”(i +1)(9+91)(’ 1101\(9!91)z+_.qﬂl('- + 1)(92)[, (ult-(Flyz]

F o (=1)" —1{pn"(9 +6,)e @8z 4. mqnneze—mé)g)z}} iz

©)
P(T>1)
Z [Wy™i(e) - W, IEI)JZIWVMV) W, ()]
n P10 + 6)We 45, (100 + 01)) + - @' 10, We, 45, (1(82))] =
X ch, (n =D+ 10 + 8)We 5, (G + 10 +6,)) + " + 1)8,We, g ((+1)8,)) +
= (=1 P (6 + 80)Weyy 45, (08 + 61) + o+ g 08, Wy i, (n(62))]

P(T>1t)

— ZIW () — W, ()] le (1) = W)

mi=0

; Ry 4y (00 + O, J} b W i, (1(62))
{pi(0+ﬂlj 16+ 6 coqtifly 16, }7
xZnC, (=00, {p”l(r + 1)(H+91)W+ g+ 1)8, W} +
=
(e +86,) ;)
(=1 !n n(6 + 6, )—’”';\(;EE}J + 4 q"nb, —"“”"‘é:"( z )}

P(T>t)= Z [wy™ () - WU"""(r)IZ[W,’“(:) - W,"H(e)]

mi=o n1

n (W45, (U8 + 61)) + - +4" Wz, 45, (1(62))} =
X Y 1] 1= DG Wy, (+ 1O +0)) 0 W, 1, (+ 1)0) +
() P W, 45, (008 + 61) + -+ 4" W, 45, (062))} (10)
S — s mi = ni
Where W i+ s {E:] = '["-'1'_-([ {E‘:I} {WIE{E:]} (11)

Using (ll) in (10)
PT =0 —ch Z [y ™ (8 — Wy "“L(t]]Z[lﬂ”(t] — W, ")

=r mi=0

(i (8} (5,Ge)) )

P (6 + 1)@ +60)) G+ e+ a0 + }
‘?Hl{ﬁri{(f +1)8, }}m {ﬁy;{(f +1)8, }}r!l

b ey ]p“{wxl.(n(e +8, )" (my,(n8 + )0} + }
+qn{ﬁr;(“9: N {‘Er;(ﬂg:]}m

{p"{ﬁf;(f(e + 9133} N {"?;'.-(5(9 + 9133} S +g

—(ﬂ—:’]CLXI

n {P'Dygus, () 4 + q'Dye, (O] -
P(T =t)= Z nC; g bn— DCp™ Dy, a0,y (B + =+ gD 1, 130, ] +.
(D" 2" Dugaray (&) + + 4" Day (0} (12)
Where
Dy(e) = Z [y, ™) — W™ (0] x{ﬁ_gl.(BJ}”"'Z[Wv"l(tJ — W, ()] % g (B
(13)
Expanding and simplifying the equation (13)

Dy(t) = ]1 -[1-w, ] Z w,™ (rj{ﬁri(ej}’“"'}x ]1 - [1- Wy, (8] Z W™ () Wy, (9)}“"}

mi=0 ni=p

Gg{ﬂ =1- Dg{t:]
=1- 11 -[1 -7, @] Z Wy m(tj{ﬁﬁ(&]}m"'} ]1 - [1- W, @] Z 1-1.1.“"@]{»?}-‘.(9]}""'1}

= ][1— W, (8)] Z 1-1«’;,-”(t]{»?_(l.(6‘3}m'1}+ [1 - 7, (8)] Z 1-w,“1(tj{»7,l.(ej}“l-i}
mi=0 ni=o

—][1 — W, (8)] Z W, ml(rj{wxl.(ej}““}][l - Wy, (8] Z 1-Vy“l(tj{w,l.(93}“-l}
mi=0 ni=o (14)

d
ge(t) = = (Ga(t))
= 1[1 — i, (8] i

wy ™ () {w,l.(e]}“*} +1[1 - i, (8] Z w,“i(rj{w,l.(e]}““}

mi=0 ni=0

_][1 —er-(ﬁ‘]] Z W-m(fj{ﬁx-(m}m_lg [1 _";}"(9]] Z va(f]{ﬁjv.(ﬁj}m-‘l}
mi=0 ni=o

_][1 —"7!;(9]] Z wiy ™ (£, (B} L} ][1 — Wy, ] Z W™ () (i, ()™ 1}(15)

Since Wy, (£) is exponential with parameter u,,w, ™ (t) is
a gamma distribution with parameter 5. nl
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Therefore
f i"]. ni- 1. —pau
[1 - wy,(8)] ;Dw,“(tj{u, @yt = [1 - 1wy, (8)] Z[ r(mj {wy, ()™~ du
_ = [u mr (E‘:]]
10 5 Lo
= “’I'(]] [T 2 @i-1 du

— [1 _ LTI.(QJ] J;.“ . g—.[.'.:i.'.g_tlxu.ﬁ‘yl_'_ﬂ:' du = i [1 _ 'UTJ-L(EJ] J'; g—_f-'-:illl—ﬁ‘_‘—.l_l:ﬂj: du
g iau1 -5 (8] ¢

= po[1 - iy, (6)] L

=1- g-.ﬂ:[i—ﬁj—.iim:r

2[1 —wyg, (6] . (16)
Therefclre

[1 — ¥y, (8] wy M (), (Bt = (1 — i(ﬂ]]g_-alll_ﬁ'f[':ﬂ:':f
g ’ (17)
Substituting equation (16) and (17) in equation (15)

gs(0) = ][1 — 7, ()] Z

wy "‘L(tj{wxl.(s‘]}”‘l} +u,1- wn(ej]e‘-‘*ﬂi'“:‘-.-‘mif
mi=0

) 1[1 — @) ) W, 0 6) }”“'1}“: (1 5, (8) ol TR

mi=0

—][1 — 7, (6)] i

mi=0

wy ™ () {eﬂ}”‘“L] [1- o7t ]

= a1 — Wy, (8] 2T B I[l — W, (8] z 1-%“1(t]{w,;(ej}“L-L}{u: [1 — oy, (8) JJe el Trl#e

+][1 — iz, (8)] i .

mi=0

iy ™ (£, 'ieﬂ}”‘“l} Che
(18)

Taking Laplace steljies transform on both side
pa[1 -y, (8]

s+ pg[1— g, (8)]

+I[1 — %, (8)] Z [y (5 + a1 — w5, @)] ™ {wfl.(ej}m*}

mil=0

B B = [wyls + mall — 7y, B™
- ].u;[l—wn(ﬂ]][l —w @] Y e

mi=0

gels) = {ﬁ,[(eJ}"-H}

3 _5+u 21— 7, @]

 [ral1 = g 1 [1 = i O[5 5 + a1 = 5, 601)] T ol (5 + a1 — iy, 1)) D)™
5+ pa[l—iwg, (8)]

[t~ @)%y (s + palt - wp, @D] . [y s +aus01 - w,l.(ej]}{wxl.(eJ}]m'L]

mi=0

) = s [1 — iy, (8)] uz[1— W ()11 — g, (8) [ [ Wy (s + o [1 — iy, (8)])]
98 S - Wy, B)] s+ pall— Wy, GV IJL — [y (s + pral L — oy, @)]) [, @) )]}
N [1 — e, (80 | [ Wy (s + g1 — Wy (6D ])]
{1 — [y (s + a1 - w, @D, ) 1}
) =L IOl L e @l - 7 @146 + [1 -7, @]
8 S a0 Wy, Wy, W, (53(19)
Where

46 = 7y s + ol — 7))

[s + o[1— 5, @] [1 - [By (s + w1 - 5,0 )i, O]
[#y (s + wa1- "?_1';(9]])]
1—[@y (s + ua[1 - %5, ])iwe, ()] (20)

From equation (20)
[Fy s + wa[1— Wy (60]))

B(s) =

Als) =
[s + a1 — %, (8] [1 = [y (5 + wa[1 — 5, 8]} () ]
{5 + st~ @] [1 — (% (s + a1 — mp @ D @ N [ (5 4221 — 5, @D} -
_ _7‘ [s + w21 — 5, @]] 7, (s + w1 - w5,080])) +}
EF (7 (s + a2 - @] { [1 - [ (s + a1 — 5y @], (]
ds -

[l # walt = g ] [1 = [y (s + a2 —wjl.(ej]){w,l.(ej}]}}:

[% 7 (sj]L:D

d
—,fﬁo(s)]l
ds
5=0

d.
R0

d
e [QTQ(SJ]:|

d -
= [39(53]:|

[{[.u:[l—wy..@]] [1 = [ (s [1 - %5, @], @] [ (s [1 — 5, @ )]} -
_ _ [21— iy 8] [ (a2 [1 — iy (])] +
[ (a2 - ““(BJ]}][ [1 = (% (a1 = w5, @]}, )]

(ot — 5,11 [1 = [ (121 — 75, @ D i @]}

{ {[xl1 — 5, @] [ (2 [1 — 7, ]} - J
[y (a1 - g, @ DI{[1 = [, (]t - 75, @) (7, @]}

ot = 5, 1] [1 = [ (a1 - 5, @D i, @ N]} 1)
Again from equation (20)
B - [y (s + w1 —wyg (68)])]
1 — [wy(s + a1 — wp () ) we (B)]]

]{{1 — [ (s + 2 [1— 3, 8 D, N H [ (5 + a1 — w5, DY —}

d U (s + g1 - wp @ODIH-[w ' (s + w1 - wy, @ e, @]}
PR [+l _@,[@3]}{%(93!}]}:
2 p] = Uwy'(s +u,[1 - wp (8) )]}
ds {1 - [wy (s + pzl1 - wp @O, @Y
LI Uwy (w21 -y, (6D )]}
ds {1 = [y (g [1 - 75.8]) 5. @)
2=0 o = Fi L (22)

Using equations (21)l and (22) iJn (19)
d —Hz 1- 'b?j-(ﬂ‘j
— g =—7——"—=
as :|s=n {“:[1 _WJ'I:(B]]}.
{ {[1al1 - 5, @1] [ (a1~ 5, @D} - }
[ (a1 — g, @ D] {[1 = [ (2 [1 - w5, @ )i, @]}
[[.“: [1 — Wy, (9)]] [1 - [WL-{u: [1 - ijl.(l?]]}l{\;x[(e] }]]}:
. 11 — e O]l (112 — 5, B) I}
{1 — [y (u[1 — w5y @D, @)
-0t
- {ui [1 _Efl-(ej]}

—uz[1 -y, @)1 - 7, (8)] %

[% [,ngch]}
z=0

P S

{ra[1 — w5, @]}

e[t -wy, @)1 - e, O [1a[1 = 5, O] [ (1o [1 - 5, @)])]}

{[alt = 75, @] [1 ~ [Wo (2] 1 — 5, (0] 75,0) ]]}2

 Falt = @5 @)1~ @)y ua[1 ~ 85, @ODH[1 ~ (a1 - 5, @D @]}
{[1alt — w5, @1] [1 ~ [ a1 — 5, @D e, @]}

A w O]l (kg1 - w5, O]}

{1 = [Wo(ko[ 1 - 75, @) e O

-1 [1 - we @[ (a1~ w5 @]}
i el —wy, )] {[1 [0 (o 1 — 5, (0)])i75,(®) ]]}2
[1— e, @] [wy(pa[1 -~ Wii(g)])]{[l — [wylpa[1 - W&i(g)]){wﬁ(g)}]]}
ol = s, @OW[1 ~ [m (a1~ w5, @) e, @]}
o L= @[’ (a1 — w5, ()]}
{[ ~ [Pulial1 - w5,@))) s, O]}

-1 [1 wx(ﬁ]“w |Lu [1 wI(B‘JJ}J
" lalt w5, @1 [ [1- g, @]H[1 = [ (a1 - 7, @] (i, ) ]}

=1 [y L [1 — 5, (8) |, (8} + [ a1 — 5, (8)])] = 1%, (8) ] 139 sz [ 1 — 5, (8] )]

{.“: []- - "73\-(9)]}{[1 - ["75'{.“: [1 - ‘7};(9)]}{"71;(9]}]]}

_ =1+ |y (w1 - 75, @ )]}
oo Lt - @ TH[1 - [ (st - w0 Dm0 ]}
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B {1 = |y (a1 = w5, B D}
oo (a1 — B DH[1 - [y (s [1 - 5, @])fiw, (0 }]]}(23)
wy () = pupe ™ 4 (1 — plue™ 800
Pls N 1 -ply

d__
E[ggcﬂ]}

wu{s:] :s-l—.u;.: 5+ u;
_ pun 1 —ply
Wy'(s) = —EEh d
':5+IU|'-_-:]‘ ':5+ILI;:]‘ (24)
1 Py _ (1= ply;
—[ilg_(sj]] B walt— @ (O] +un  wa[1- 7, (80] +
ds ° _ - _ [ iy (1 —plu; ]_
= fult- WT'CBJ]}HI Tt —‘;;(BJ] PR £ —w;&e}] | b (BJ}]}(25)
— Kl
W, (6) ~ 1 :a
Where o (26)
wy (8) = =

We know that
E() = — [i [, ch]]
as

=0

From( 12)

d
E [871'.;9;)(5]]]

ik

| d .
P E[ﬁ'(he‘)(s]]] +ot g

z=0

P

d
*t E [3.;(+1.).;9+9‘)(5]]:| + o

E(T]=—Z11Cl- n—ic, = +..
= HL [Q.Hn.e \(5]]
z=0
. d . _ d o _
(_Uﬂ_l]?ﬂ E[Qﬂ[9+ﬂ,)(53]:| +-+g" E [Qr![ﬂ;)(SJ]:| }
z=0 2=0- (27)

IV. NUMERICAL ILLUSTRATION

The behavior of the performance measure due to the
change in parameter is analyzed numerically for different
valuesof nandr.

Sub Case (i) n=3, r=1

From (27) the mean time to recruitment is given by,

) < _“pz [% [g'z.m..\(f]]L +ob g [% [573._9:_.(:]]}!:“}

Bl _ (1—py
e B [1_1'.,+-‘6'-:16',+26z 5}"’“‘- Fa [1_}.!+\6‘:§,+29, ]+“
E“ [17' + ﬂ-i'ﬁ' +29)}} - 7 T " S E/ + ej’e +2ﬂ)]
* Azt U 1 2 Az Az L, +L 1 2
l“*[l L5 25 T “*[1 ;.!+-‘e+e,+ze,)]+“=l
1 By (1—phy
(e o e
o il S P TN ) i S P [N
E =
{ [_ 4 ]] _ Py , 1- v}n
] e e 1_ I ]+ T & b +3|6'}
L] ST ] R +a.e}
2t _ (L=ple
A,
“*[ o +z.e+e) “*[1‘;_,+z(é+e,)]+“f

n

(1—pdu ]!_ i 1
] +n:] i, +2(6+6.0)

(-2t
“* LA26+6)
(1— plw

j‘[:l /+ﬂ+9+9]+'k “[1 /+e+e+ei+“

E=

) Cop e s
7 A R
o +e+e +6)J+" "[ . +s+e+6‘)]+'“’lz

i1—=plm

“*[1 Tmﬂ]“‘ ’"*[1 m]“

I By + (1= 5l | 1
) QRN SN (PR ERN S (s
I [ z_=+2|‘6‘=}:| [ Ay +2|6‘}] s +2 2%

{
l'“ ITLET 6'+s +6‘)J

{ Bl
l"* I +2|6‘+6‘)J 1 T+
I +2w6‘+6‘)J

E. =

{’“ [1 ~I +}'2.;e,}]] 1=

n By _ (1 —ply
. "*[“Mﬁ]m A
bt Gwml) : o e
lh m R O e R A
(1=phy

1—

-
*‘=[1 z'.,+|:e,)J+F*- “=[1 L@t

(1— gl [ }
1 W]* e

=1

{na [1 I J:-'(EJH 1_{ =[1 —%]H‘ ’

(1)
COMPARISON TABLE

The influence of parameters on the performance measures
namely the mean time for recruitment is studied numerically.
In the following tables these performance measures are
calculated by varying the parameter'd, '
JAL sy a8 "and'8, " one at a time and taking the
parameters p =031 —p =g =078 =10.2

e Jd .. 1 Aol e | ur | ua | B8 g, | Case(i) | Case(ii) | Case(iii)
—3]:7‘ [E[Q:ms,n(ﬂ]LD+"‘+Q' g[g:.eg(ﬂ]Ln} i < R -k e 1 < E(T) E(T) E(T)
+3] 1{& . @]] . l[d . @]] }} 02|03 |04 |02|05]| 03|04 28662 | 20285 | 1.6113
P - LGs+8, LB el TR

Lo e 1T ) 02 03|04 |02|05|03]|05]| 2635 | 1.9276 | 1.5716
E(T) = {{p®E, + 3p%qE; +3p 9 E; + ¢°E,} — 3[p°E; + 2pqE; +q°E} + 30p'E, +q1£'.;}}(28) 0203 02 o205 03 06 | 22868 18571 15429
I?c?mcas(ezg)l)trz]: iwer;nz time to recruitment is given by 02]03104]02]05]04]05 | 25732 | 1.8966 | 15967
50 = ({275, + 3p°0'E, + 3p'0°E, + '8} + 35°Es + 200 + 5]} g 02 03|04 [02[05|05]|05| 25319 | 1.8726 | 15480
(29) 02 03] 0402|0506 05| 25081 | 18535 | 15389
Sub Case (jii)n=3,r=3 _ o 0203|0402 |06]03]|05]| 23382 | 1.7056 | 1.3578
From (27) the mean time to recruitment is given by 020304 02107 0305 21016 | 15209 | 12427

E{T':] ={,‘!?!Ej_-l‘3F‘q15:+3?1q‘53+q254} (30) . L . . N . . . . .
0203|0402 [08][03][05]| 19087 | 13871 | 11252
Where ) e . 02|03 |04 [03]|06]|03]|05| 21111 | 15501 | 1.2674
. P e 02|03 |04 |04|06]|03]| 05| 19388 | 14294 | 1.1724
] . [ " A 02 03|04 [05(06|03]|05]| 18036 | 13330 | 1.0956
LSS CREAE | R P PSS SN P S "SI P S G 02|03 [05|02]06]|03]|05| 22874 | 16671 | 13558
. o R 02]03]06|0206]|03]|05]| 22473 | 16359 | 1.3296

- “ [1 LIGEe T [1 J,,+-.zﬂ-:ze,+9,)]+“:

_ I . T ] 02]03]07 0206|0305 22150 | 16102 | 1.3077
bl - rrmtmenly P e ooy e s o 02 [05 | 04 02|06 03|05 ]| 28499 | 1.9557 | 14925
02 06| 04 02[06|03]|05| 30734 | 20709 | 15424
02 07|04 [02[06]|03]|05]| 32787 | 21802 | 15908
03 03] 04[0206]|03]|05]| 2479 | 1.7673 | 14118
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04 03[04]02[06]03]05] 25936 | 1.8213 | 1.4340
0503040206 03]05] 26871 | 1.8689 | 1.4545
Table 1
V. FINDINGS

v’ As "4, and "A;'the parameter for loss of manpower
increases the mean time to recruitment increases.

v As 'up'u;" and "u;" the parameter for policy and transfer
decision increases the mean time to recruitment decreases.

v' As '8, "and'#; "the parameter for threshold level of loss of
manpower increases the mean time to recruitment
decreases.

VI. CONCLUSIONS

In the context of providing scope for future work, it is
worthwhile to mention that the present work can be studied by
considering different types of loss in manpower also.
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