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Abstract: This paper presents a Fourier series approach for the analysis of increasing function described by
approximation theory. An approximation theory can be found out between two comparable functions. It’s given an idea
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. INTRODUCTION

The approximation theory is very important and useful
branch in mathematics. It was wierestrass who first introduce
the theory of approximation. He proves that every continuous
function on a compact interval i.e. [ab] is uniformly
approximate by polynomial which converges in [a,b] to f . i.e.
for given = = 0, there is a polynomial p(x) such that

If ) — plx)l <&

When we prove wierestrass theorem with the help of
Fejer’s theorem it is prove that for a function o, (X) uniformly
to f(x).

Where o, (X) is Trigonometric polynomial.

Wierestrass also prove that corresponding theorem on
approximation by mean of trigonometric sum. In 1821 the
French mathematician A. L. Cauchy formulated the concept of
convergence of infinite series. According to Cauchy:

An infinite series Y a, is said to be convergent to sum S
asn—w=j.e ¥&x= 03N eIl suchthat

15, — 5l <& forn=N

An infinite series ) ap

convergent if
> |S,:I —Sl<=

is said to be absolutely

Il. SOME DEFINITIONS
A. FOURIER SERIES APPROXIMATION

The Real Fourier Series is

Ikt Tkt
S(t) — a0 + L, ay cos {_:r ) + XE_, by cos (T)
For a real Fourier series, we can re-write Parseval’s
Theorem
T

1[:{:] 2 lz 2 2
T s tdt—aD+E_Zla;l.+b;l.

]
B. RIEMANN INTEGRATION

Suppose that the function f is bounded on the interval
[a,b] where a,b € R ad a <b and consider a dissection

Ara=x0<x1<X2.......... <xn=bof[ a, b]

Then

Definition: (Riemann Sum) : The lower Riemann sum of
f(x) corresponding to the dissection 4 is defined as following
sum:

s(f, &)= Ej;'!=1.-r_i' - Xj-1 inf, Elr‘,-_i_x‘,-lf':-r]

and the upper Riemann sum of f(x) corresponding to the
dissection 4 is defined as following sum:

S(f, 4)= Ej;'!=1.-r_i' - Xy Sup, elxjos 2] fix)

C. LEBESGUE INTEGRATION

Suppose we are considering integrating function like
¥(x). the characteristic function of set S={xeQ}c=R
(ie. y.(s) =11fxeSand y.(s) =01Ifx & S) Or suppose
we are considering real-valued measurements x of a
phenomenon and wondering what is probability foe x to be
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rational number .Form a probabilistic theory, we know that if
the measurement are distributed normally with a mean of u
and a standard deviation = , then the probability is given by :

B[xeQ]=1 —:ﬁw(_f(x:) ) dx
And the Riemann integral is useless to evaluate this
integral.

First, we have following lemmas for the proof of the
theorem:

1. SOME IMPOTANT RESULTS

LEMMA 1: If K,(t) be the Fejer Kernel of order 1, then
oln) ;
K =|o(Z5): for f<t<s
u(%); ford<t=nx

fm"[lcztczi

(1l
LEMMA 2: =5 du = o[t® y(1)] where (1)

o (1) = 253

o=

is increasing function of t, then
[ere @dt = [ (0 at
lewldy = fju® & ()du

= [uv'® ()]0 + J’D 2u @ (u)du

o[t2t% y(t)] + o[2u®*? y(u)du]
o2 y(0)] + ot w() f; 2udu]
= o[t y()] + o [ y(v)]
=o[t* F y(1)]

ie. [l@(ldu = o[t* 2 y(0)]

IV. MAIN RESULT

A major result is the following:
Let a>0and 0<d < mand ifx is a point such that

v(®)]
Where \y(t) is increasing function of t then

60 ()~ 00 = 0 [ n-(a+ 1) w(3) 1
Where t% y(t) = 0ast — 0

PROOF: Since an (x)== [ flx + wlK,(u) du
Where K,(u) be the Fejer Kernel of order 1

o0(0) — F(¢) = = [TTFGe + 1) + Flx — w) — 2f (2)]Ko(u) du
= 2 fy @ () Ky(u) du
Where @ (u) = flx + w) + flx —uw) — 2f(x)
7, (X) = ifr_fcr: () Kn(u) du

n-chu‘u

D (t) =

=t [J’EH’;H’; ]Rn(U) du

= I+ I+ 15 (say)

CONSIDER I,

L [t
l, =17 %Kn(t) dt

—

Lz
o[ﬂ J’,_F% dt] by lemmal

0 [nt* Fy(b)]

=0 [‘-’1 ﬂ:ﬂz ‘FG)]

by lemma2

h=o[ @ Vy(Z)] L (1.1)
CONSIDER I,
L=t '*"“'H n(t) dt
Lr ﬁ H“ﬂl dt| by lemmal
= [ g+ xp{t]] by lemma2
1 1
=0 [ﬂ nﬂn:w{;)]
—(a+1) L
L o= Hy(S) (12)

CONSIDER I,
ls= = [51® (I Kn(u) du

[ I‘=I= 't‘l

dt] by lemmal

®(u) is a lebesgue integrable and 0< & < &, therefore it

follows that

[1]

(2]

(3]

[4]

=0 [y (3))
Combining the relation (1.1), (1.2) and (1.3) we get
on ()~ 1) =0 [ n-(e+1) w(7) ]

This complete proof of theorem.
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