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I. INTRODUCTION

Takano, K. [8] studied the projective motion in a
Riemannian space with bi-recurrent curvature. Sinha, R.S [6]
discussed the infinitesimal projective transformation in a
Finsler space, Yano, K. and Nagano, T. [10] have defined
projective conformal transformation in a Riemannian space.
Pande, H.D. and Kumar, A [4] have also discussed special
infinitesimal projective transformation in a Finsler space and
have obtained certain results.

In the present paper studies have been carried out with
references to infinitesimal projective and special projective
transformations and accordingly certain theorems and
relations have been obtained in a projective symmetric Finsler
space.

In view of the Berwald's covariant derivative the Lie

derivatives of a tensor field Tji (X,)'() and the connection
parameter Gijk (X, X) are given as under:
i(y i b (5 Tilh gsThyi ih

(11) EVT;(X,X)QT]I(MV +(6nTj')V(S)XSTJ— Vl(h) +T|!]V(J)

And

i . i i h i S of

(1.2) EVij (X, X)= V(j)(k)ijhV + stkV(r)X

where Hijy, (X, X ) is defined by [I-(14.6)].

We also have the following commutation formulae

w3 ale,T)-£.le,Tl)=0,
L4 £, Ty -6, 7] )(k)
And
(1.5) (EvGijh )(k) _(£vGikh)(j) = £, Qljk +(£vGrkI )Girjhxl -
~e,65 Kl

In view of the projective covariant derivative the Lie

~TPE,Gly ~THE, G —(0,TH Gl

derivative of Tji (X,X) and the connection parameter
Hijk (X, X) are given by:
i " i r ATihS  of Iyl il
(16) £, T}(x,%)=Tiepv" + (65T Moy X" ~Tivigep + Tivigy
And
i i i r - i ro oS
(L7) £y = Vim))((k)) + QumirV +(5erk )V((s))X
The connection parameter Himk satisfies the identity
(1.8) Hirkh Xh = O

Between the operators £,, 0 and ((k)), we can obtain the
following commutation formulae

(L9) ale,T)-£,(6,m1)=0

(L10) (e, T1) - —£,Thy = TIE T ~ T, 1] — (5,71 ey 1Tl k™

)((f))
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And
(1.12) (Evnijh )((k)) - (Evnim )((j)) =£,Qhj + (Evnrkl )Hirjh X—

_(Evngl)xlnirhk

Il. SYMMETRIC FINSLER SPACE AND AFFINE
MOTION

A symmetric Finsler space is characterised by the
vanishing of the covariant derivative of Berwald's curvature

tensor field thjk-

DEFINITION (2.1)

When the extended point transformation
(21) éXI =a|X =fX(§V)

does not change the fundamental function L(F;, EJ) of a
Finsler space, that is, when we have
2.2) L(x,'¢)=L(z,¢)

we call this extended point transformation a motion in a
Finsler space F,.

DEFINITION (2.2)

When the following transformations

(23) ex=f'le)
and
(2.4) X = (a,\f X kx

transform every geodesic into a geodestic and the affine
parameter on it into an affine parameter on the deformed
geodesic, we call the transformation an affine motion in
general affine space of geodesics.

I11. NON-AFFINE INFINITESIMAL PROJECTIVE
TRANSFORMATION

Let us consider an infinitesimal point transformation
(3.1) X' =x"+ v (x)dt

where V'(x) determines a non-zero contravariant vector
field defined over the domain of the space under consideration
and dt is an infinitesimal constant. If the infinitesimal
transformation (3.1) transform the system of geodesics of
paths into the same system then such a transformation is
termed as infinitesimal projective transformation in F,.

The necessary and sufficient condition in order that an
infinitesimal transformation (3.1) be an infinitesimal
projective transformation is given by the following equation
[3]:

i ~i i i il
(3.2) £,Gjk =Gj —-Gj =3jpj —9jx9 d;.
here pk(X,Y) and dl(X,Y) are vectors and satisfy the

following idgntities

(33) (a) 0jp=pi,
© X" = Pk,
(e) 0jd =dj

. h Sho k
@ dpX " =dy,  (n) dpeX X" =d
With the help of the commutation formula (1.5), the Lie-

(b) Prk = OnOkP,
@ prx"x* =p,
() dpy = 01040,

derivative of H ihjk is given by
: : : -
(34) £,Hiy = (6,6l )y, ~(E4Gln | ~ (e, Gl Jolx' +
+ (Engl )XIG:'hk

With the help of the equation of Lie-derivative, the
equation (3.4) assumes the form

(35) £, Hihjk ZSEph(k) —5Lph(j) +8ihpj(k) :aihpk(j) -
~0in0"di) +9n " dygj) +
+gklgrmGirjhde| _gjlgrmGirkhdeI-
Multiplying (3.5) by x"xJ and noting the equation (5.2)
and the homogeneity property of H Ihjk (X, X) we get
(36) £ Hi =2%"pgo —8kp %) —X'pyeyx) -
_gjhg“dl(k)xhxj "‘gkhg"dl(j)xhxj-

Contracting (3.6) with respect to the indices i and k we
get

(3.7 £VH=—p(j)XJ+m{dj)xj—ghkg"de(i)xhxj}
With the help of equation (3.6) and (3.7), we get
(38) £VHIk _£V HSIk =3XIp(X) —SLp(J)XJ —)'('pk(j))'(J +

il Che i 1 i
+gkhgl d|(J)X x! ——n_l{d(k)xl +

+(2- n)gjhg“dl(k)xhxj}

Differentiating (3.8) partially with respect to x" and
other contracting the resulting equation with respect to the
indices i & r, we get,

(3.9) (£V6rH'k —EVSkH)= (30 +2)pgy —(n+3)pyg) + dieX) +

1. h i 5-n
+9ing" X {drl(j)x“fdl(r)}‘mdl(k)

h.iCl [2=n

+2x"x] Sr{grhdl(k) —Gkndyj) }
Ors L N—

In view of the equation (3.8) and (3.9), the Lie derivative

of Wji (x,x) can be written as:

P11 i ii 4-n i
(3.10) £, W =——— X'+ 2ppinX' %)+ ——d %' -
vWk =" Pw) Pk(j) 110K

- {O'k(j)xj +ging"X" (dr,(j)xj + dl(r))+
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hoiCl(2=n
+2XhXJg—Sr(mgrhdl(k) _gkhd|(j) )}:l
rs

i i il Lhei 2-—N il he i
—8kP(pX +9kng"dy(jX XJ+nghg'dl(k)X X,
Applying the commutation formula to the projective

deviation tensor W! (x,%), we get

B¢, wi, =g, w')() Wie, Gl —~Wig, G -

(6n Wik Ghie.
Substituting the value of £vG|jk from (3.2) in (3.11) and
using the equations (3.3), we get

(312) ¢ W'(r) (E WJ')() jh(Sirph —grhg"dl)—W,ipj—ZWJ-ipr+
+ghldl {Whgjr +(ahWJI )grsxs }_(al’wjl )p

Contracting (3.12) with respect to the indices i and r and
noting we get

313 £, wjy) (e, W] )(.)

+(6hW')gisxs }
Transvecting (3.12) by x" and noting we get
(3.14) {E Wi —( w; )(r) } X" = WP'x'p, —4Wjp - W]gg"d X" +
+gh|d|)'( {Wliggr +(athl )grs).(S }
At this stage, if we now assume that the Finsler space F,

=(n-2)pyW}' —Wid,, +g"d, {Wrimgji +

is symmetric one i.e., WJ-'(I‘):O? then under this

assumption E\,Wji(r) =0 will always hold and therefore

equations (3.13) and (3.14) will respectively assume the
following form :

(3.15) (£ W )( )xr =(2-n)W/p, + Wd, —g"'d,
_ghldl {Whgjr +(6hWJ' )grs).(S }
And
(3.16) (g, W/ )( K== WIipy + Wip -+ W]'ggd k" -

hl i - i .
-0 dIX {W;]gjr +(5th' )grsxS }
With the help of equation (3.15) and (3.16) we eliminate
the term thph and the result of elimination gives

(3.17) Mij =x! [thdh -g"d, {Wf';gjr (5 Wi )grsxS }J
+2(2—n)l4Wjip+thgrhg“dIXr g"ld)x" {nggir+

+awiloe |

Midefle,W!| %' +(2-n)lE,W!)]  x
jcet(e, W} | ) x' +(2-n)le, W)

If the Flnsler F, admits a projective affine motion, then
the equation

(3.19) £
must hold.

Where
(3.18)

=Gl =0

Therefore, with the help of equation (3.2) and (3.19), it is
clear that the vectors p(X,)'() and d(X,)'() must separately
vanish. Thus, we can state

THEOREM (3.1)
If an F, admits a non-affine infinitesimal projective

transformation such that the Berwarld's covariant derivatives

of Wji remains invariant then the equation (3.17) holds.

THEOREM (3.2)
If an F, admits an affine infinitesimal projective
transformation such that the covariant derivative of

WJI remains invariant then M'j =0.

THEOREM (3.3)

If a symmetric Finsler space F, admits a non-affine
infinitesimal projective transformation then the equation
(3.17) necessarily holds.

THEOREM (3.4)

In a symmetric Finsler space, if an infinitesimal projective
transformation is an affine one then the equation

Mij = 0 necessarily holds.

IV. INFINITESIMAL SPECIAL PROJECTIVE
TRANSFORMATION DEFINITION (4.1)

The necessary and sufficient condition in order that the
infinitesimal point transformation (3.1) be an infinitesimal
special projective transformation is given by

(4.2) £ H]k = H;k ITy = 8|ka +8ijbk —ggkg“C|
Here bk(X,)'() and Cl(X,)'() are vector which satisfy
the following relations

42 (@@ 0jb=bhj, (b) bk = Indkb,

(d) bthh K=,
(f Cjk =8-8kc,
)] Cthh = Cy (h) ¢ thXk C.

With the help of the equation (4.1), (4.2) and the
commutation formula (1.11), the Lie-derivative of the

(© bpyX" =Dy,
(e) 6jC:Cj,

projective entity Qij is given by

43) £y Qhjk =8bn() +3hDj(ky) ~9jng" iy ~
=ik 8" C1 ~ ISt~ Skbng(y) —
~8hbk((h) +9knG" Ci ) + k(9 1 +
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+Okn 01y Ce — OkbI 1 +9q0 ™ X' +

+8} bHrhk g;9™c X Tl

Multiplying (4.3) by X hy and using the equation (1.8)
and the fact that Q'hjk)'(h = Q'jk , we get

(44)  £,Qj = 2Xby) — iy x +X"x! [gkh {gi(l(j))q +
gy - gn {080y e1 + 0"iag) |-
il
~jn((k)9 Cl]

Contracting (4.3) with respect to the indices i and k and
then multiplying the resulting equation thus obtaining by

x"xJ and using (1.8), we get

(4.5)

£, Qx5 = (L= )b %! +c () +g" e {gn«m—gm«u»

—gjhx X {9 Ciiy + g«n))cl }
+ gihg((j))clxhxl-
We now eliminate the term b((j))XJ from the equation
(4.4) and (4.5) and get
(4.6) MIk(X,X):(l—n)ZXIb((k)) —lek((J))XJ +
Jho i il il
+xM"dgy, Ll + 0" |
il il il
_gjhgl((k))cl _gjhgl Ci((k)) —th((k))gI C+
eIl + 9" ex I8} gin iy ~ Iinay -
— g X3l g ) ~alpye ¢
+ glhgl(I(J))C|XhXhXJ8L
Where
@) Mi(x,%)def (i—n)E,Q} +38E, Qpx"X]
Applying the commutation formula (1.9) to the projective

derivation tensor WJI (X, X) and using the equation (4.2), we

get
(4.8) (E W')(( oy E Wiy = WiSiby —Wigyg®Pc, —Wib; +
+W|g g Pc —(aw)o 2Wb —
[
—~ (aer' )ng Pe x™

Contracting (4.8) with respect to the indices i and r we get
(49) (e, W) - ~£, Wi =(n—2)Wlb, - Wic, +g"c, {Wig, -

(@ _
(6w} Joimx™ |

Transvecting (4.8) by x" we get

)(( N
—~ 4ij —WJ-'gr,g"C’cpxr +
i | . : i | Tl
+Wgg X’ —(6,Wj')grmg Pepx"x™
Let us now suppose that the infinitesimal special

projective transformation (4.1) leaves in variant the projective
covariant derivative of the projective deviation tensor i.e.

(4.11) £ W'((r)) =0.

In view of (4.11), equations (4.9) and (4.10) can be
alternatively expressed in the following forms

i |
(4.12) (£ Wi )(( M) (n Z)W b| WjC| +
+g"c, {W| 9y — (alelblmxm }
And
(4.13) (1; w')« X" = Wiy —awib - WiggPe " +

+ \Nligrjglpcp)'(r -
—(5|Wji )gmgipcpxrxm
respectively.
Eliminating the term Wj|b| from equations (4.12) and
(4.13), we get
[ WIC|+g Cp {Vv|gkj (GW )glm }] -
. | .
—(n-2 [—4Wj'b—WJ!gr|g Pepx’ +V\/|grjg PepX" —

— (8ini )grmg'pcpxrxm ]

(4.14) Bj(x,x)

Where
@15) Bj(x, X)cef (£, W')« X -0 2)e, W')«rr»'

If the Finsler space F, admits special projective affine
motion, then the equation

(4.16) EVH}h =0 must hold.
Hence equations (4.1) and (4.16) enables us to infer that

the vectors b(X,)'() and C(X,)'() must separately vanish,
Therefore, we can state

THEOREM (4.1)

If an F, admits a non-affine infinitesimal special
projective transformation such that the projective covariant

derivative of WJI remains invariant then equation (4.15)

holds.
THEOREM (4.2)

If an F, admits an affine infinitesimal special projective

transformation such that the covariant derivative of Wj'

remains invariant then Bij given in (4.15) should vanish.
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In particular, if we now suppose that the Finsler space F,

in the symmetric one i.e. Wji((r)) = Oholds then equation
(4.11) always holds. Therefore, we can state

THEOREM (4.3)

If a symmetric Finsler space F, admits a non-affine
infinitesimal special projective transformation then the
equation (4.14) holds necessarily.

THEOREM (4.4)

In a symmetric Finsler space F, if an infinitesimal special
projective transformation is an affine one then the equation

B'j = 0 necessarily holds.
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