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I. INTRODUCTION 

 

A normal matrix  with complex elements is a 

matrix such that  where  denotes the 

(complex) conjugate transpose of . In an article by K. 

Morita[2] a quasi-normal matrix is defined to be a complex 

matrix which is such that , where  denotes 

the transpose of  and   the matrix in which each element is 

replaced by its conjugate, and certain basic properties of such 

a matrix are developed there. 

The main obstacle in the study of quaternion algebra is 

the non-commutative multiplication of quaternion. Many 

important conclusions over real and complex fields are 

different from ones over quaternion division algebra, such as 

determinant, the trace of matrix multiplication and solutions if 

quaternion equation. From the conclusions on quaternion 

division algebra, we find it to lack for general concepts, such 

as the definition of quaternion matrix determinant[5]. 

Recently, Wu in [7] used real representation methods to 

express quaternion matrices and established some new 

concepts over quaternion division algebra. From these 

definitions, we can see that they can convert quaternion 

division algebra problems into real algebra problems to reduce 

the complexity and abstraction which exits in all kinds of 

definitions given in [6]. 

It is possible if  is quaternion normal and  is 

quaternion quasi-normal that  is quaternion quasi-

normal[3].  For example, any quaternion quasi-normal matrix 

 is such a product with  and , or 

if   and  then   .  

Therefore  is quaternion quasi-normal. The following 

theorems clarify this matter. 

 

THEOREM 1 

 

If   is quaternion normal and  is quaternion quasi-

normal then   is quaternion quasi-normal if and only if 

 and (or 

 

 

PROOF 

 

By the conditions, 

 and 

 which are 

equal.  

Conversely, let   is quaternion quasi-normal and let 

...  Where  

, . Let  If  

 

Theref

ore , then  
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so that .  Equating quaternion 

diagonal elements on each side of this relation 

, 

or 

   

Let .  Then 

 for  and                        

Since  is quaternion quasi-

normal,  for            

.   

On adding the first  of these equations and cancelling, 

 for and .  

In this manner if  with 

and  is quaternion unitary, then 

 conformable to  Since 

 , 

all  and so 

or 

 or  or 

. 

Also 

 so 

that  for .  (If 

,  this is still true and may be chosen to be the 

identity matrix.)  Therefore  and so 

                 or  . 

 

COROLLARY 

 

Let  be quaternion normal,  is quaternion quasi-normal 

if  is quaternion quasi-normal, then  is quaternion 

quasi-normal and conversely. 

 

PROOF 

 

From the above,  is quaternion 

quasi-normal, and if  , be real and  be 

quaternion unitary, then since 

  is 

quaternion quasi-normal as are  and .  

Reversing the steps proves the converse. 

If  is quaternion normal,  is quaternion quasi-normal 

and  is quaternion quasi-normal if and only if   is 

quaternion quasi-normal if and only if   

and . Therefore, if  is quaternion 

normal,  is quaternion quasi-normal and   is quaternion 

quasi-normal if and only if   and 

 , that is replace  by  in the 

preceding, or  and 

, thus exhibiting the fact that when 

 is quaternion quasi-normal,  is not necessarily so. 

 

 

 

 

THEOREM 2 

 

If  is quaternion normal, and 

 is quaternion quasi-normal (where  and  are 

quaternion hermitian and  and  are quaternion unitary) 

then  is quaternion quasi-normal if and only if 

 and  

 

PROOF 

 

If the three relations hold, then  on 

one hand, and   

 is quaternion quasi-

normal[1], since  is quaternion and  is quaternion 

unitary. 

Conversely, let             

 and 

               

where  and are quaternion hermitian and quaternion 

unitary and direct sums conformable to and  

A direct check shows that  also 

 since 

  implies  . 

 

NOTE 

 

A sufficient condition for the simultaneous reduction of  

and is given by the following. 

 

THEOREM 3 

 

If  is quaternion normal,  is quaternion quasi-normal 

and  then  and  , the 

quaternion normal form of Theorem 1[4], where  is a 

quaternion unitary matrix;  also A  is quaternion quasi-

normal. 

 

PROOF 

 

Let , quaternion diagonal, and  

which is quaternion quasi-normal.  Then  implies  

. 

Let where the  are 

quaternion and for , and 

.  Let  be quaternion unitary 

such that  the real quaternion normal form of 

Theorem 1[4], and let   Then 

 a direct sum of the   

Also  and so 

  =  

It is also possible for the product of two quaternion 

normal matrices  and  to be quaternion quasi-normal.  If 

 is quaternion quasi-normal and if  and 

 this is so or if  is quaternion quasi-normal 

and if is quaternion normal with  quaternion 

hermitian and  and  quaternion unitary, for 

 is quaternion quasi-normal. 
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But if in the first example,  is not quaternion normal, 

then  is not quaternion quasi-normal, so that  is not 

necessarily quaternion quasi-normal though  is.  When  

alone is quaternion normal an analog of Theorem 2[4] can be 

obtained which states the following:  If  is quaternion 

normal, then  and  are quaternion quasi-normal if and 

only if  and 

  (The proof is not included here because 

of its similarity to that above.)  When  is quaternion quasi-

normal, two of these conditions merge into one in Theorem 1. 

It is possible for the product of two quaternion quasi-

normal matrices to be quaternion quasi-normal, but no such 

simple analogous necessary and sufficient conditions as 

exhibited above are available.  This may be seen as follows.  

Two non-real quaternion commutative matrices  and 

can form a quaternion quasi-normal (and non-real 

symmetric) matrix  (Such that  is also quaternion quasi-

normal) which need not be quaternion normal.  Then two 

symmetric matrices: 

 
are such that  is real, quaternion normal and 

quaternion quasi-normal (and not symmetric).  Finally, if  

and  are two quaternion unitary matrices of the same order, 

they can be chosen so  is non-real quaternion, quaternion 

normal and quaternion quasi-normal.  If  and 

 where  and  are 

quaternion quasi-normal as in  (but not symmetric).  A 

simple inspection of these matrices shows that relations on the 

order of  and  

 

 do not necessarily hold; these are sufficient, 

however, to guarantee that is quaternion quasi-normal (as 

direct verification from the definition will show). 
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